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Abstract 

Let {Xo,J-o) be a compact manifold with boundary endowed with a foliation J-q which 
is assumed to be measured and transverse to the boundary. We denote by A a holonomy 
invariant transverse measure on {Xo,J-o) and by TZo the equivalence relation of the 
foliation. Let {X, T) be the corresponding manifold with cylindrical end and extended 
foliation with equivalence relation TZ. 

In the first part of this work we prove a formula for the L^-A index of a longitudinal 
Dirac-type operator D'^ on X in the spirit of Alain Connes' non commutative geometry 

m 

mdi2,A(D^'+) = {A{TT) Ch(£;/S), Ca) + l/2[r?A(L'^°) - /i+ + hl\. 

In the second part we specialize to the signature operator. We define three types 
of signature for the pair (foliation, boundary foliation): the analytic signature, de- 
noted (TA,an(-'f, 9^0) IS the L^-A-iudcx of the signature operator on the cylinder; the 
Hodge signature crA,Hodgo(^, 9^o), defined using the natural representation of TZ on the 
field of square integrable harmonic forms on the leaves and the de Rham signature, 
o"A,dR(-'f, dXo), defined using the natural representation of TZo on the field of relative de 
Rham spaces of the leaves. We prove that these three signatures coincide 

CrA,an(A'o, 9X0) = 0"A,Hodgo ( A^, C^A^O ) = CTA.dR ( A", 9A'o ) . 

As a consequence of these equalities and of the index formula we finally obtain the main 
result of this work, the Atiyah-Patodi-Singer signature formula for measured foliations: 

aA.dR(A-,9A-o) = (L(rj-o),CA) + 1/2[77a(D^'^)] 
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1 Introduction 

Let Xq be a 4fc-dimensional oriented manifold without boundary. One can give four different 
definitions of the signature. 

• The topological signature o-(Xo) is defined as the signature of the intersection form in 
the middle degree cohomology; {x,y) {x U y, [^o])7 x,y € H^'^(Xo,]R). 

• The de Rham signature o'dR(Xo) is the signature of the Poincare intersection form in 
the middle de Rham cohomology; {[uj], [(j)]) := J^^ lu A (p; lo,4> & H^^(Xo). 
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• The Hodge signature, crHodgc(-'^o) is the signature of the Poincare intersection form 
defined in the space of 2k Harmonic forms with respect to some choosen Riemannian 
structure := /^^ uj A <f>; uj,(f) e H'^'^{Xq). 

• The analytical signature is the index of the chiral signature operatoi0 

aan(Xo) := ind(Z?^'S"^+). 

One can prove that all these numbers coincide, 

Cj{Xo) = CTdR(Xo) — CTHodge(-'^^o) — <^ a.n{Xo) . (1) 

The Hirzebruch formula 

a(Xo)= / L(Xo) 

JXo 

can be proven using cobordism arguments as in the original work of Hirzebruch or can be 
seen as a consequence of the Atiyah-Singer index formula [lO] and the chain of equalities H]) . 

If Xq — > Xo is a Galois covering with deck group F with Xq as above Atiyah [2] used the 
Von Neumann algebra associated to the regular right representation of F to normalize the 
signature on middle degree harmonic forms on the total space. This signature ariXQ) 
again enters in a Hirzebruch type formula 

ar(Xo)- / L(Xo). 
This is the celebrated Atiyah L^-signature theorem. 

The Atiyah L^-signature theorem was extended by Alain Connes [26j to the situation in 
which the total space X^ is foliated by an even dimensional foliation. This is the realm of 
non-commutative geometry. We shall have the occasion to describe extensively this kind of 
result. 

What can one say if Xq has non empty boundary ? 

So let now Xq be an oriented compact manifold with boundary and suppose the metric is 
product type near the boundary. Attach an infinite cylinder across the boundary to form the 
manifold with cylindrical ends, 

X^Xo[] \dXo X [0,oo)' 

dXo 

In the seminal paper by Atiyah Patodi and Singer [5] is showen that the Predholm index of the 
generalized boundary value problem with the pseudodifferential APS boundary condition on 
Xq for the signature operator (or a chiral Dirac type operator) is connected to the L^-index 
of the extended operator on X . Indeed this Predholm index is the index on X plus a defect 
depending on the space of extended solutions on the cylinder. More precisely the operator on 
the cylinder acting on the natural space of L^-sections is no more Predholm (in the general 

^this is the differential operator d + d* acting on the complex of differential forms, odd w.r.t. the natural 
Chiral grading r := (-l)" * (-1) 2 , D-s" = + ^ j 
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case in which the boundary operator is not invertible) but its kernel and the kernel of its 
formal adjoint are finite dimensional and this difference is given by the formulcd 

inci,.(D*)^/ i(X,V)Ch(E) + !f + 

where h^o {D^ ) are the dimensions of the limiting values of the extended L?' solutions and 
77(0) is the eta invariant of the boundary operator. 

Then, in the case of the signature operator, in dimension 4fc the authors investigate the 
relationship between the APS index of the operator on Aq, the signature of the pair (Aq, 9Ao), 
the index on A and the space of harmonic forms on A. The conclusion is that the signature 
(t(Ao) is exactly the L^-index on the cylinder i.e. the difference of the dimensions hr^ of 
positive/negative square integrable harmonic form^ on A, 

cr(Ao) = K^ - h- = mdL2{D'''S''^+) 

while hao{D^^s'^'~) = han{D^^^'^'~^) by specific simmetries of the signature operator. In partic- 
ular the APS signature formula becomes 

a{Xo)= [ L(Ao,V)+rKi?X)- 

In the case of F-Galois coverings of a manifold with boundary with a cylinder attached, 
A — > X this program is partially carried on by Vaillant [93] in his Master thesis. More 
specifically he estabilishes a Von Neumann index formula in the sense of Atiyah for a 
Dirac type operator and relates this index with the F-dimensions of the harmonic forms on 
the total space. The remaining part of the story i.e. the relation with the topologically defined 
L^-signature is carried out by Liick and Schick [60]. Call the index of Vaillant the analytical 
L^-signature of the compact piece Aq, in symbols tTan (2)(Ao) while Harmonic (T//o(Ao) is the 
signature defined using harmonic forms on A. Then Vaillant proves that 

<Tan,(2)(Ao) = / i(Ao, V) + 77r = aHodge(Xo). 

J Xq 

Luck and Schick define other different types of signatures, de Rham crdR.(2)(Ao) and 
simplicial ftop (2) (Aq) and prove that they are all the same and coincide with the signatures 
of Vaillant. To be more precise they prove 

CHodgclAo) = a'(jR,^(2)(Ao) = O'top^(2)(-'^o)- 

None of these steps are easy adaptations of the closed case since in the classical proof a 
fundamental role is played by the existence of a gap around the zero in the spectrum of the 
boundary operator. This situation fails to be true in non compact (also cocompact) ambients. 

I this thesis I carry out this program for a foliated manifold with cylindrical ends endowed 
with a holonomy invariant measure A [2^. The framework is that explained by Connes in 
his seminal paper on non commutative integration theory [26] in particular I use in a crucial 
way the semifinite Von Neumann algebras associated to a measured foHation. Working with 
the Borel groupoid defined by the equivalence relation TZ I first extend the index formula of 
Vaillant. 

^opposite orientation w.r.t. APS 

''indeed the intersection form is passes to be non-degenerate to the image of the relative cohomology into 
the absolute one. This vector space is naturally isomorphic to the space of L^-harmonic forms on X. 
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Theorem 1.0 — The Dirac operator has finite dimensional — A-index and the following 
formula holds 

mdL^,A{D+) = {A{X) CHE/S), [Ca]) + l/2[TjA{D^n - + h],]. (2) 

The dimensions of the spaces of extended solutions, are suitably defined using Von Neu- 
mann algebras associated to square integrable representations of TZ, the foliation eta invariant 
is defined by Ramachandran [76] and the usual integral in the APS formula is changed into 
the distributional pairing with a tangential distributional form with the Ruelle-Sullivan cur- 
rent [65]. In the proof of ((8T|) a significative role is played by the introduction of a notion of 
A-essential spectrum of an operator, relative to the trace defined by A in the leafwise Von 
Neumann algebra of the foliation. This is stable by A-compact perturbations (in the sense 
of Breuer [T7]) and translate to the foliation contest the general philosophy of Melrose |62] 
stating that the operator is Predholm iff is invertible at the boundary. Then we define a two 
parameter perturbation with invertible family at the boundary. This is a Breuer-Predholm 
perturbation. The strategy is to prove first the formula for the perturbation then let the 
parameters go to zero. 

In the second part, inspired by the definitions of Liick and Schick |60] I pass to the study of 
three different representations of TZq (the equivalence relation of the foliation on the compact 
piece Xq) in order to define the Analytical Signature, aA,an{Xo, OXq) (i.e. the measured index 
of the signature operator on the cylinder), the de Rham signature a\,dR{Xo, OXq) (i.e the one 
induced by the representation which is valued in the relative de Rham spaces of the leaves) 
and the Hodge signature, (TA,Hodge(Aro, dXo) (defined in terms of the representation of TZo in 
the harmonic forms on the leaves of the foliation on X). 

Combining a generalization of the notion of the long exact sequence of the pair (folia- 
tion, boundary foHation), in the sense of sequences of Random Hilbert complexes (the analog 
of the homology long sequence of Hilbert F-modules in Cheeger and Gromov |22]) together 
with the analysis of boundary value problems of [87], one shows that the methods in [60] can 
be generalized and give the following 

Theorem 1.0 — The above three notions of A-signature for the foliation on Xq coincide, 

CTA,dR(-'^, ATo) = 0'A,Hodgc(-'f, -^^o) = CrA,an(A', ATq) 

and the following APS signature formula holds true 

(TA,an (^0,5X0) = {L{X), [Ca]) + 1/2[7Ja{D^'')] 

A more detailed description of the various sections follows. 
Geometric setting 

In this section the whole geometric structure is introduced. We speak about cyhndrical foHa- 
tions and all the data needed to define the longitudinal Dirac operator associated to a Clifford 
bundle. Every cylindrical foliation arises from a gluing process, starting from a fohated man- 
ifold with boundary and foliation transverse to the boundary. The first geometrical invariant 
of a foliation is its holonomy. It enters into index theory in an essential way providing a nat- 
ural desingularization of the leaf space. The various holonomy covers glue all together into a 
manifold, the holonomy groupoid G where one can speak about smooth functions and apply 
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the usual analytical techniques. Following Ramachandran we work at level of the equivalence 
relation TZ of being on the same leaf. This is the most elementary level of desingularization 
where boundary value problems can be set up without ambiguity. 

Von Neumann algebras, foliations and index theory 

Von Neumann algebras and Breuer Fredholm theory with traces. In this section 
generalities about Von Neumann algebras are given. These are particular *-subalgebras of all 
bounded operators acting on an Hilbert space. We specialize to Von Neumann algebras that 
can be equipped with a semi-finite normal faithful trace like Von Neumann algebras arising 
from foliations admitting a holonomy invariant transverse measure. Indeed Connes [22] has 
shown that holonomy invariant transverse measure correspond one to one to semifinite normal 
faithful traces on the Von Neumann algebra of the foliation. More generally a transverse 
measure gives a weight. This weight is invariant under interior automorphisms, i.e. is a trace, 
iff the measure is invariant under holonomy. Then in some sense holonomy is represented in 
the Von Neumann algebra by the interior automorphisms. One can also use the language of 
foliated current. A transverse measure selects a transverse current. This current is closed iff 
the transverse measure is hoi. invariant. 

So let M be a Von Neumann agebra with a trace r : M+ — > [0, oo] one has a natural 
notion of dimension of a closed subspace affiliated to M, i.e. a subspace V whose projection 
Pry belongs to AI. This is by definition the relative dimension T(Prv). Relative dimension 
is the cornerstone of a theory of Fredholm operators inside M. This story goes back to the 
seminal work of Breuer [TBI I17| . For this reason relatively Fredholm operators are called 
Breuer-Fredholm. A Breuer-Predholm operator has a finite real index with some stability 
properties as in the classical theory. 

Transverse measures and Von Neumann algebras. 

In the spirit of Alain Connes non commutative geometry Von Neumann algebras stand for 
measure spaces while C*-algebras describes topological spaces. In the seminal work [26] he has 
shown that a foliation with a given transverse measure gives rise to a Von Neumann algebra 
whose properties refiect the properties of the measure. First we define transverse measures 
as measures on the sigma ring of all Borel transversals. This is acted by the holonomy 
pseudogroup. When the measure is invariant w.r.t. this action one has a holonomy invariant 
measures. 

If a holonomy invariant measure exists then the associated W*- algebra is type / or type // 
(the first type appears only in the ergodic case). In particular there's a natural trace whose 
definition is explicitly given as an integral of suitable objects living along leaves against the 
transverse measure. 

Then transverse measures can be considered as some kind of measure on the space of the 
leaves. 

In this section we define the Von Neumann algebra associated to the transverse measure and 
a square representation of the Borel equivalence relation xTZy iff x and y are in the same 
leave. For a vector bundle E this is the algebra of uniformly bounded fields of operators 
X I — > Ax : L'^{Lx;E) — > L^{Lx] E) {L^ is the leave of x) acting on the Borel field of Hilbert 
spaces X i — > L'^{X]E) suitably identified using the transverse measure. Thinking of an 
operator as a family of leafwise operators the trace has a natural meaning, it is the integral 
against the transverse measure of a family of leafwise measures called local traces. 

For self adjoint intertwining operators, using the spectral theorem and the trace on M (coming 
from a transverse measure A) one can define a measure on R called the spectral measure 
(depending on the trace) . Breuer-Fredholm properties of the operator are easily described in 
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terms of this spectral measure. In particular one can define some kind of essential spectrum 
called the A-essential spectrum. Belonging of zero to the essential spectrum is equivalent for 
the operator to be Breuer-Fredholm. We show also that for elliptic operators the essential 
spectrum is governed by the behavior of the operator outside compact subsets on the ambient 
manifold. Notice that if one fix a compact set K on X every leaf can intersect K infinitely 
many times then our notion of "lying outside K" must be explained with care. We call this 
result the Splitting principle. It will be useful in the study of the Dirac operator. 

Analysis of the Dirac operator. Consider the leafwise Dirac operator on X associated 
to the geometric datas of the first section. This is obtained from the collection of all Dirac 
operators {Dx}x one for each leave L^. If the foliation is assumed even dimensional this is 
Z2-graded D = ©D~ with respect to a natural involution on the bundle E. This is called 
the Chiral Dirac operator. 

This leafwise family of operators gives an operator affiliated to the Von Neumann algebra M 
(the transverse measure gives the glue to join all the operators together). In particular each 
spectral projection of D defines a projection in M. If the foliated manifold is compact Connes 
han shown that this is a Breuer-Fredholm operator and the index, the relative dimension of 
Kernel minus CoKernel is related to topological invariants of the foliation by the Connes index 
formula. 

indA{D+) = {ChiD+) TdiX), [Ca]) 

On the right handside one finds the distributional coupling between a longitudinal character- 
istic class and the homology class of a closed current Ca associated to the transverse measure 
by the Ruelle-Sullivan method. 

Finite dimensionality of the index problem. 

In our cylindrical case, the operator is in general non Breuer-Fredholm. As a general philo- 
sophical principle for manifolds with cyHndrical ends and product-structure operators, Fred- 
holm properties of the operator on the natural space are essentially captured by the 
spectrum at zero of the operator on the cross section (the base of the cylinder) . Thanks to 
the splitting principle the Philosophy 

invertibility at boundary Preholm property 

carries on to the foliated case if one looks at the A-essential spectrum of the leafwise operator 
on the foliation induced on the transverse section of the cylinder (this is to be thought of as 
the foliation at infinity). 

Now it's a well known fact that lots of Dirac type operators of capital importance in Physics 
and Geometry are not invertible at the boundary (infinity). One example for all is the 
Signature operator, our main application here. 

However some work on elliptic regularity and the use of the generalized eigenfunction expan- 
sion of Browder and Carding shows that the A-dimension of the projection on the kernel 
of and D~ are finite projections of the V.N. algebra M. In particular we can define the 
chiral index of 15+ as 

mdL2 a{D+) = dimAKcri2(i:)+) - dimA Kcri2 (£>"). 

On a compact foHated manifold, if a family of operators is implemented by a family of leafwise 
uniformly smoothing Schwartz kernels the finite trace property follows immediately from the 
remarkable fact that integrating a longitudinal Radon measure against a transverse measure 
gives a finite mass measure on the ambient. Now the ambient is a manifold with a cylinder, 
hence Radon longitudinal measures do not give finite measures in general. Our strategy 
to prove the finite dimensionality of the index problem is to show that the field of 



8 



Paolo Antonini 



projections on the kernel of enjoys the additional property to be locally traceable with 
respect to a bigger family of Borel sets. To be more precise we prove that for every compact set 
K on the boundary of the cylinder of a leave the operator Xkxr+^Kci-j^2{d+)Xkxr+ is trace 
class on L'^{Lx). This is sufficient (by the integration process) to assure finite dimensionality. 

Breuer— Fredholm perturbation. 

Once finite dimensionality of kernels is proven we perform a perturbation argument to change 
the Dirac operator into a Breuer-Fredholm one. This is done following very closely Boris 
Vaillant paper [?] where the same problem is studied for Galois coverings of manifolds with 
cyHndrical ends. Since we are working with Von Neumann algebras the possibilty to use 
Borel functional calculus gives a great help in a way that we can define our two parameters 
perturbation essentially by boundary operator minus the boundary operator restricted to 
some small spectral interval near zero 

D ^ D,^u. D,^o D, 

Next we prove (through the splitting principle) that D^^u is Breuer-Fredholm for small pa- 
rameters and its index approximates the chiral index. Actually we have to consider separately 
the two parameters limits. 

The analysis of the relation between the perturbed Fredholm index and the chiral index 
requires the introduction of weighted spaces along the leaves, e"^L^ for w > (r is 
the cylindrical coordinate). Smooth solutions belonging to each weighted space are called 
Extended Solutions, Ext(Z?*). They enter naturally into the A.P.S index formula but do not 
form a closed subspace in L^. Some care is needed in defining their A-dimension and prove 
that this is finite. 

The remaining part of the section is devoted to the proof of the fundamental asymptotic 
relations 

lim indL2 a{D+) = indL2 a{D+), lim dimA Ext{Df) = Ext(D±). 

Cylindrical finite propagation speed and Cheeger Gromov Taylor type estimates. 

To prove the index formula we need some pointwise estimates on the Schwartz kernels of 
functions of the leafwise Dirac operator. Our perturbation on the cylinder has the shape 
D + Q where Q is some selfadjoint order zero pseudodifferential operator on the base of the 
cylinder (actually Q is just a sum of a uniformly smoothing operator and u Id) in particular 
one can repeat the proof of energy estimates as in the Book by John Roe for example [79] 
for the wave equation no more on a small geodesic ball but on a strip dL^ x (a, b) {dL^ is 
the base of the cylinder) finding out that unitary cylindrical diffusion speed holds i.e. if 
is supported in dL^ x (a, 6) then the solution of the wave equation e^'^^g is supported in 
dLx X (a— |i|,6-|-|i|). This is sufficient to extimate kernels of class Schwartz spectral functions 
of D and Q following the method of Cheeger, Gromov and Taylor [23] obtaining decaying 
estimates for the heat kernel 

|Vi,V^jr™e-*^'](zi,Z2)| <C(fc,Z,m,T)e(l^i-^^l-'-i)'/6*. (3) 

With the notation [•] one denotes the Schwartz kernel, and ri is some positive number while 
Zi = {xi, Si) are two points on the cylinder with |si — S2I > 2ri. It is clear why one is brought 
to call these the Chegeer Gromov Taylor estimates in the cylindrical direction. There is also 
an extremely useful relative version of estimate ([3]) where one can estimate the difference of 
the kernels of spectral functions of two operators that agree on some open subset U of the 
cylinder. This is an estimate of the form 

2n+l+k „ 

|VLV^([/(Pi)]-[/(P2)])(..,)|<C(Pi,A:,;,r2) ^ / \P'Hs)\ds, 
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where / is a leaf, r2 > 0, x,y G U, Q(x,y) := max{niin{d(a:, 9C/); — ?'2;0}, 

J(a;, y) := ( — j ^ \^ a Schwartz function to apply to the operator 

V c c / 

using the spectral theorem. 

In practice we shall collect all these estimates, one for each leaf. Thanks to the uniformly 
bounded geometry of the leaves that run trough a compact manifold (with boundary) the 
constants can be made independend. This is an extremely important fact. 

The foliated eta invariant. 

Since its first apparition in [5] the eta invariant of a Dirac operator as the difference between 
the local and global term on the Atiyah Patodi Singer index formula 

1/2t]{Do) = I ujd- {ind(7:>+) + 1/2 dimKerpo)} 
Jx 

or the spectral asimmetry defined as the regular value at zero of the meromorphic function 
(summation over eigenvalues) 

'^^o(s) :=EnfF' Ms)>dimdX (4) 

has become a key concept a in Spectral geometry and modern Physics. 

The foliation eta invariant on a compact manifold (when a transverse invariant measure is 
fixed) was defined independently and essentially in the same way by Peric [70] and Ramachan- 
dran [76] and enters into our A.P.S index formula exactly in the way it enters classically. It 
should be remarked that Peric and Ramachandran numbers are not the same. The reason 
is simple. Peric uses the holonomy groupoid to desingularize the space of the leaves while 
Ramachandran works directly on the Borel equivalence relation. Due to their global nature 
the eta invariants obtained are not the same. As a striking consequence one gets that on a 
cylindrical foliated manifold every choice of desingularization from the equivalence relation to 
the holonomy (or the monodromy groupoid ) leads to different index formulas with different 
eta invariants. This is a genuine new feature of the boundary (cylindrical) case. 
Since we work with the Borel equivalence relation our eta-invariant is that of Ramachandran. 
So consider the base Dirac operator Z?-^^ the eta functior|f| of D-^^ is defined for Re(s) < by 



1 

^(^^''*) •= v(( ^1W9^ / trA(Z?^«e-^"")d<, |A| > 0, s> 

r((s + 1)/2) Jo 



-1. 



It can be shown that this is meromorphic for Rc(A) < with simple poles at (dimJFg — 
fc)/2, fc = 0, 1, ... and a regular value at zero. 

In this section we describe this result and we extend it to some classes of perturbations of 
the operator needed in the proof of the index formula. We shall consider perturbations of the 
form Q = + K with K some uniformly smoothing spectral function K = /(D-^^), / : 
(—a, a) — > M. For / = X(-t,e) more can be said about the family Qu '■= D-^^+D-^'^ f{D-^^)+u 
in fact we can define 

MQu)=hlMs-.o f(T72)*'^^^"^"*'^"^'^*^A j;^y^trA(g„e-*'3;)dt 
where LIM is the constant term in the asymptotic development in powers of S near zero of 

rk 

the function S i — > jg . Moreover two important formulas hold true 



^the relation with (gl comes from the identity sign(A)|A|"i = r(^) t~Ae"*^ dt 
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• Va{Qu) - Va{Qo) = sign(u)trA(/(D-^8) 

Va{Qo) = 1/2(?7a(Q„) + VAiQ-u)). (5) 

This only requires a minimal modification of the proof given by Vaillant [93] for Galois cov- 
erings. The point is that the relevant Von Neumann algebras are closed under the Borel 
functional calculus. 



The index formula. 

Finally we prove the index formula 

mdL2^^{D+) = (A{X) Ch{E/S), [Ca]) + l/2[rjA{D^) - h+ + h+] 

where /ij := dimA(Ext(D*) — dimA(Keri2 (1)='=). Our proof is a modification of Vaillant proof 
that in turn is inspired by Miiller proof of the L^-index formula on manifolds with corners of 
codimension two [66]. This is a (of course) a proof based on the heat equation. 
The starting point is the identity 

mdL2MDt) = lim l/2{indA(i?+J + indA(i?,+_.J + /^A.e - Kj (6) 



/i^^ := dimA'Ext{Df) - dimA Kcri2 (Df ) 



where 

definition also valid for e = 0. 
Next we prove 

indA(7^+J = {AiX) CHE/S), [Ca]) + l/2vAiDf;i) + g{u) (7) 

with g(u) — >u 0. 

Equation ([Tj) combined with ^ and ^ becomes, after the M-limit 

indi2,A(^+) = (Mx) Gh{E/S), [Ca]) + l/2,u{D^") + K - K . 

The last step is to assure that under e each e-depending object in the above equation 
goes to the corresponding value for e 0. 

Some words about the proof of This is inspired from the work of Miiller [66]. We 

start from the convergence into the space of leafwise smoothing kernels of [exp(— to 
[Keri2 (£)(: „)]. The choice of cut off functions <j)k supported in Xk+i {X^ is the manifold 
truncated at r = m) gives an exaustion of X into compact pieces. Consider the equation 

indA(L'£\) = strAX{o}(^e.«) = 1™ lim stTA{4>ke^*'^'-^(t)k) = 

/•OO 

lim strA(0fee-"^'"<^fc) - / stTA{(j)kD^, ue~'^'^"Mdt. (8) 

fe-fOO 

The i-integral is splitted into jf'^ + the second one going to zero thanks to the Breuer- 
Fredholm property of More work is needed in the study of the first one, the responsible 

for the presence of the eta invariant in the formula. Using heavily the relative version of the 
Cheeger-Gromov-Taylor estimate ^ one shows that 

»\/fe 



lim LIM.^o / = l/2r]A{Df°^). 
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The first summand in ^ will lead to the well known local term 



lim LIM,^ostrA(</)fce-^^'"0fe) = {A{X) CHE/S),[Ca]). 



This requires some work in developing the appropiate asymptotic expansion. Again we have 
to consider three pieces of X separately making use of relative kernel estimates to compare 
the perturbed operator with the original one. 

Comparison with Ramachandran index formula. 

There's in the literature anothere A.P.S. formula for a Dirac Operator; this the Ramachandran 
index theorem [76]. This corresponds exactly to the first point of view of A.P.S. index theorem 
as a solution of a boundary value problem with non-local boundary condition. This section 
is devoted to show the compatibility of our index formula with that of Ramachandran. This 
is an important aspect since it represents, for foliations the passage from incomplete closed 
case to te cylindrical one as in A.P.S. 

The signature formula. 

The main application of our index formula should be a Hirzebruch type formula for the 
signature. First we review the A.P.S. version of the Hirzebruch formula, 



in particular the cohomological interpretation they give to the index of their boundary value 
problem of the signature operator, in fact harmonic forms on the elonged manifolds are 
naturally isomorphic to the image of the relative cohomology into the absolute one. This 
is exactly the reason why A.P.S. have to attach an infinite cylinder. Notice that while the 
Hirzebruch formula for a closed manifold can proved by only topological methods (Hirzebruck 
used Thom's theory of cobordism) the formula for a manifold with boundary is proved up to 
now only with analytical methods. 

In the case of Galois coverings the theory of F-Hilbert modules with their formal dimension 
permitted to Luck and Schick [60] to define (at least) three equivalent type of signatures for 
a regular covering T—AI — > M of a manifold with boundary (cylindrical end) . This signatures 
are: analytical signature based upon the index of the signature operator, harmonic signature 
looking at the harmonic forms on the cyHnder, de Rham signature, based on the relative 
de Rham cohomology of the covering. The proof of their equivalence is very tricky, the 
first, harmonic=analytical is made by Vaillant [93], the second is by Luck and Schick and 
reminds of course the cohomological interpretation A.P.S give but uses strongly the weakly 
exact long sequence in together with some essential properties of the T dimension (again 
a Von Neumann dimension). 

We show that the theory of Random Hilbert spaces of Connes is strong enough to generalize all 
the properties of the F-dimension, so we are able to generalize the long weakly exact sequence 
as proved by Cheeger and Gromov |22] valid in the sense of the various Von Neumann algebras 
defined by leafwise differential forms and the transverse measure. 

So we prove that the three defined notions of signature coincide and the following Hirzebruch 
signature is valid. 
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2 Geometric Setting 



Definition 2.1 — A p-dimensional foliation T on a manifold with boundary Xq is transverse 
to the boundary if it is given by a foliated atlas {Ua} with homeomorphisms (pa ■ Ua — > Vq x Wa 
with Va open in := {{xi, ...,Xp) G W : xi > 0} and open in W with change of coordinated 

4'a{u, v) of the form 

v' = 4>{v,w), w' = ip(w) (9) 

{ip is a local diffeomorphism). Such an atlas is assumed to be maximal among all collections of 
this type. The integer p is the dimension of the foliation, q its codimension and p + q = dim(Xo). 

In each foliated chart, the connected components of subsets as ^^^(^a x {w}) are called 
plaques. The plaques coalesce (thanks to the change of coordinate condition ([9])) to give 
maximal connected injectively immersed (not embedded !) submanifolds called leaves . One 
uses the notation for the set of leaves. Note that in general each leaf passes infinitely times 
trough a foliated chart so a foliation is only locally a fibration. Taking the tangent spaces to 
the leaves one gets an integrable subbundle TT C TXq that's transverse to the boundary i.e 
TdXo + TT = TXq in other words the boundary is a submanifold that's transverse to the 
foliation. 

2.1 Holonomy 

We skip the definition of a foliation on a manifold without boundary and only recall that is 
defined by foliated charts as in the definition 12.11 above with local models U xV where U is 
an open set in W Let X a manifold equipped with a {p, (7)-foliation. If X has boundary the 
foliation is assumed transverse to the boundary according to definition 12.11 

Definition 2.2 — A map / : X — > W is called distinguished if each point x is in the domain 

of a foliated chart U V x W such that f\u^4'° Pry where Pry : U x V — > V is the 
projection on the second factor. 

Let V the collection of all the germs of distinguished maps with the obvious projection a : 
V — > X sending the germ of / at x onto x. Consider a foliated chart {U, (/)) and P a 
plaque of U, then P individuates the set P C V of the distinguished germs {[(j) o PryJ^^jxeP- 
When P varies over all the possible foHated charts these sets form the base of a topology 
of a p-dimensional manifold on V called the leaf topology. The mapping cr : V — > T is a 
covering ([42]) where T is the non paracompact manifold equal to the disjoint union of all the 
leaves (equivalently use the plaques to give X a topology where the connected components 
are exactly the leaves with their natural topology). Let 7 : x — > y a continuous leafwise 
path. Since cr is a covering map there's a holonomy map : a^^{x) — > <7^^{y) sending the 
point TT G (7^^{x) into the endpoint of the unique lifting 7 of 7 starting from tt. 

Definition 2.3 — A 9-dimensional submanifold Z c X \s a transversal if for every z e Z 
there exists a distinguished map tt : U — > W such that T^\znu is an homeomorphism. 

There are many equivalent definitions of transverse submanifold for example at infinitesimal 
level, one can ask, T^Z © T^T = T^X. The definition given here makes possible to reaHze 
that holonomy acts in a natural way on the disjoint union of all transversals [73] . 
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First we give a slight different version of holonomy. For a continuous leafwise path 7 : x — > y 
we can choose a path of foUated charts {Uq,4>i), {Uk,4'm) associated to a decomposition 
= So, 1 = Sm of [0, 1] such that 7|[s,,s,+i] C Ui and each plaque of Ui meets only a plaque of 
C/j+i. Following the plaques along 7 one obtain a mapping of the plaques of to the plaques 
Um hence, composing with the distinguished maps associated a germ of diffeomorphism of Mfl . 
Since the inclusion of a transversal compose with a distinguished mapping to give coordinates 
on the transversal this is also a germ of diffeomorphism HtoTi (7) of transversals To around x 
and Ti around y. 

The connection with the holonomy map given before in terms of the holonomy covering is given 
as follows. Let tt S a~^{x) and / a distinguished map defined around x. The diffeomorphism 
HtqtAi) allows to define a local coordinate system on Ti defined around y and in turn a 
distinguished map /i : V — > W defined around y. Then the germ of /i at y coincides with 
h^iir) € (J-\y). 
It is clear that the relation 

7-T iff h^ = h^{T) (10) 
is weaker than homotopy (obvious by the definition in terms of lifting) . 

Definition 2.4 — The holonomy groupoid G of the foliation is the quotient of the homotopy 
groupoid (the set of all equivalence fixed points homotopy classes of leafwise continuous paths) 
under the relation (fTO)) . 

One can show that this procedure gives a finite dimensional reduction of the homotopy 
groupoid. In fact in the case dX = G is a smooth, in general non-Hausdorff 2p + q- 
dimensional manifold where the local coordinates are given by mappings in the form of 
{U X V) Xh^ {If X V) where x£UxV,yGU'xV',j: x — > y is a leafwise path 
and one uses the graph of the holonomy : V — > V ([94 \ [26 l I65j). Finally 

Definition 2.5 — A pseudogroup of a manifold X is a family T of diffeomorphisms defined 
on open subsets of X such that 

1. if $ e r then <I>-^ e F 

2. r is closed under composition when possible (depending on domains and ranges). 

3. If <& : ?7 — > is in r then every restriction of $ to open subsets V C U \s \n T . 

4. If $ : ?7 — > W is a diffeomorphism such that every point in U has a neighborhood on 
which $ restricts to an alement of F then <5> G F. 

5. The identity belongs to F. 

The holonomy pseudogroup of a foliation is the pseudogroup F acting on the disjoint union of all 
(regular) whose germs at every point are germs of holonomy mappings defined by some leafwise 
path. 

Example — 

Foliated flat bundles (with boundary). A huge class of foliations comes from the 
theory of the foliated flat bundles. So let Y an n-dimensional compact Riemannian manifold 
with boundary where the metric is product type near the boundary. Look at its universal cover 
Y — > y as a principal bundle with discrete structural group F := ni{Y) acting on the right 
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as deck trasformations. Lift the metric upside, so Y becomes a manifold with boundary and 
bounded geometry (definition in section flO.G.ip . For every representation $ : T — > DifFeo(T) 
of r as a group of diffeomorphisms of a closed manifold (no boundary) T one can form the 
associated flat bundle V — *■ Y with flber T simply composing a cocycle of transition functions 
of Y with <I>. More expHcitely consider the right, free and proper action 7 O ^ x T deflned 
by ^ ^ 

{y,0) ■ 7 := (^,76') 

so the quotient space is a compact manifold with boundary V and we have a diagram 

Y xT 




V Y 




Y 



where V ^Y is a bundle with flber T. Consider Fx T, it has the trivial foHation T with leaves 
Yg Y X {9} that's normal to the boundary and pushes down with q to an n-dimensional 
foHation on V where each leaf is diffeomorphic to Yg/r{9), where 

T{e) := {7 e r : $(7)6* = 9} 

is the stabilizer of 9. Note also that each leave covers Y trough the composition 

Yg Tg/T{9) -^P Y. 

It is a well known fact [65] that here the holonomy group is the image of the holonomy 
mapping 

TT^iLg) ~ r{9) — > Homco(i^,x) 

where Homeo(i^, x) is deflned as the group of germs of homeomorphisms of F keeping x flxed. 
So as an explicit example one can take a closed Riemann surface S of genus g > 1 and 
r = 7ri(S) is a discrete subgroup of P5L(2,M). Choose points and Dj a small 

disc around pj. Let X := S \ C\j^i^,,,^kDj be the base manifold and the Galois cover is 
r — > X — > X induced by the universal cover — > E, T := with F acting on by 
fractional linear transformations. 

2.2 Longitudinal Dirac operator 

Let X = Xq U Z be a connected manifold with cylindrical end meaning that X^ is a compact 
manifold with boundary and Z = dX^ x [0, oo)^ is the cyHndrical end. Suppose that X has 
a Riemannian metric g that is product type on the cylinder g\z ~ gdXo + c?r (X) dr. 
Let given on X a smooth oriented foliation with leaves of dimension 2p respecting the 
cyHndrical structure i.e. 

1. The submanifold dXg is transversal to the foliation and inherits a {2p ~ foliation 
J-g = ^\dXo with foliated atlas given by (jia '■ UaC] dX^ — > dVa x Wa. Note that the 
codimension is the same. 

2. The restriction of the foliation on the cylinder is product type T\z = x [0, co). 
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Note that these conditions imply that the foliation is normal to the boundary. The orientation 
we choose is the one given by (ei, .., e2p-i, dr) where (ei, .., e2p-i) is a positive leafwise frame 
for the induced boundary foliation. As explained in this is a way to fix the boundary Dirac 
type operator. Let E — > X be a leafwise Clifford bundle with leafwise Clifford connection 
and Hermitian metric . Suppose each geometric structure is of product type on the 
cylinder meaning that if p : dXg x [0, oo) — > OXq is the base projection 

E^z p*{E\sxo). /ifaxo = P*Kxo)^ ^fz = P*i^\ax.)- 

Each geometric object restricts to the leaves to give a longitudinal Clifford module that's 
canonically Z2 graded by the leafwise chirality element. One can check immediately that the 
positive and negative boundary eigenbundles Eq^^ and Eq-^^ are both modules for the Clifford 
structure of the boundary foliation (see Appendix IA.2I for more informations). Leafwise 
Clifford multiplication by dr induces an isomorphism of leafwise Clifford modules between 
the positive and negative eigenbundles 

c{dr) : — > Eg^^. 

Put F = ^'i^Xo whole Clifford module on the cylinder E^z can be identified with the 
pullback p*{F © F) with the following action: tangent vectors to the boundary foliation 

V e TJ^f) acts as c^{v) ~ c^{v)n with = ^ ^ ^ ^ while in the cylindrical direction 
c-idr)^(' -M. In particular one can form the longitudinal Dirac operator assuming 



under the above identification the shap^ 

D = C{dr)dr + C|^„V-^l^o = C{dr)dr + nO^" ^ c{-dr)[~dr - c{~dr)nD^''']. (11) 

Here D-'^^ is the leafwise Dirac operator on the boundary foliation. In the following, these 
identifications will be omitted letting D act directly on F © F according to 



D- 
D+ 



F®F — >F(BF 



D- \ _ f -dr + D^^ \ f du + D^^ 

D+ ) ^\ dr + D^^ ) ^ \ -du + 

where u = —r, du = —dr (interior unit normal) note this is the opposite of A.P.S. notation. 
We are using the notation X = XkUZk with Zk — dXo x [fc, oo) and Xk = XqU {dXo x [0, k]) 
also := OXq x [a,b] and where there's no danger of confusion Z^ is the cylinder of the leaf 
passing trough x, Z^ — L^C] Zq. 



3 The Atiyah Patodi Singer index theorem 

We are going to recall the classical Atiyah-Patodi-Singer index theorem in [5] So let Xq a 
compact 2p dimensional manifold with boundary OXq and consider a Clifford bundle E with 
all the geometric structure as in the previous section. We take here the opposite orientation 
of A.P.S i.e. we use the exterior unit normal to induce the boundary operator instead of the 
interior one; as pointed out by A.P.S this is a way to declare what is the positive eigenbundle 
for the natural splitting. In other words 

n+ — n~ 



^we choose to insert —dr the inward pointing normal to help the comparison with the orientation of A.P.S 
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The operator writes in a collar around the boundary 

/ L>- \ / -dr + Do 
\ D+ J \ dr + Do 

where dr is the exterior unit normal and Dq is a Dirac operator on the boundary. It is shown 
in [4] that the if -theory of the boundary manifold contains topological obstructions to the 
existence of elliptic boundary value conditions of local type (for the signature operator they 
are always non zero) . If one enlarges the point of view to admit global boundary conditions 
a Fredholm problem can properly set up. More precisely, consider the boundary operator Dq 
acting on the boundary manifold OXq. This is a first order eUiptic differential operator with 
real discrete spectrum on L^{dXo]F). Let P = X[o,oo)(^o) be the spectral projection on the 
non negative part of the spectrum. This is a pseudo-differential operator ([5]). Atiyah Patodi 
and Singer prove the following facts 

• The (unbounded) operator D+ : C'^{X;E+ ,P) — > C°°(X,£;-) with domain 

C°°{X-E+,P) {s e C^{X;E+) : P{s\qxo) = 0} 
is Fredholm and the index is given by the formula 

indAPs(^+)= / i(X,V)Ch'(i;,V)- V2 + ^(0)/2 

JXo 

with the Atiyah-Singer A{X, V) differential forn|£| with the twisted Chern character 
Ch'(ii^, V) [iniES] and two correcting terms: 

1. h := Kcr(_Do) is the dimension of the kernel of the boundary operator 

2. ?/(0), the eta invariant of Dq is a spectral invariant which gives a measure of the 
asymmetry of the spectrum of the boundary operator Dq. This is extensively 
explained in section [71 

• The index formula can be interpreted as a natural problem on the manifold with a 
cylinder attached, X = Xq Ua^o {QXq x [0, oo)) with every structure pulled back. More 
precisely the kernel of 73+ : C°°(X;i^+,P) — > C^{X,E~) is naturally isomorphic to 
the kernel of D^ extended to an ubounded operator on L'^{X) while to describe the 
kernel of its Hilbert space adjoint i.e. the closure of D~ with the adjoint boundary 
condition D' : C°°{X;E-,1 - P) — > C°°{X,E+) we have to introduce the space of 
extended solutions. 

A locally square integrable solution s of the equation D^ s = on AT is called an extended 
solution if for large positive r 

s{y,r) = gijj.r) + s^{y) (12) 

where y is the coordinate on the base BXq and g € while Sqo solves -DoSoo = and 
is called the limiting value of s. 

APS prove that the kernel of (£>+)* (Hilbert space adjoint of D+ : C°°(A:; E+ , P) — > 
C°°{X, E~) ) is naturally isomorphic to the space of extended solution of D~ on X. 
Moreover 

indAPs(7?+) = dh-aL2{D+) - dimL^iD-) - h^{D-) = indi2(Z3+) - h^{D-) (13) 

^as explained in the introduction; due to the presence of the boundary one does not have here a coho- 
mological pairing, for this reason the notation A{X, V) stresses the dependence from the metric trough the 
connection V 
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where ind (£)+) := dmi]^2(D^)—dim]^2(D~) and the number hoo{D^) is the dimension 
of the space of hmiting values of the extended solutions of D~ . In this sense the APS 
index can be interpreted as an L^-index. The number at right in (fTSl is called often 
the extended index . Along the proof of (fT3|) the authors prove that 

h = h^{D+) + h^{D-) (14) 

and conjecture that it must be true at level of the kernel of Dq i.e. 

every section in Kcr(_Do) is uniquely expressible as a sum of limiting values coming from 
D+ and D-. 

The conjecture was solved by Melrose with the invention of the 6-calculus, a pseudo- 
differential calculus on a compactification of X that furnished a totally new point of 
view on the APS problem [62] . 

With ([131) f^iid in]) the index formula is 

ind..p-)=/ i(X)Ch(i.) + t^+^-(^")-^-(^"^ 
Jxo 2 2 

Finally a naive remark about the introduction of extended solutions in order to motivate 
our definition of hoo{D^) (equation (jUJ and (|82|) ) in our Von Neumann setting. For a real 
parameter u say that a distributional section s on the cylinder is in the weighted L^-space 
e"''I/^(9Xo X [Q,oo);E^) if e~"''s S L^. The operator trivially esxtends to act on each 
weighted space. Now it is evident from lfT2|) that an L^-extended solution of the equation 
D+s = is in each e"'"L^ for positive u. Viceversa let s G nM>o Kcreuri2(D+). Keep u fixed, 
then e~"''s G L'^ can be represented in terms of a complete eigenfunction expansion for the 
boundary operator Dq, 

X 

Solving D+s = together with the condition e~"'"s G leads to the representation (on the 
cylinder) s{y,r) = J2x>~u 't'>-{y)9o\{y)^~^^ ■ Since u is arbitrary we see that s should have a 
representation as a sum 

s{y, =^ (j>x{y)gQxe^^'' 

A>0 

over the non negative eigenvalues of Dq, i.e. s is an extended solution with limiting value 
Sa=o 4>o{y)goo- We have proved that 

Ext(i?±) = fl Ker,„,i2(i?±). 

«>o 

4 Von Neumann algebras, foliations and index theory 
4.1 Non-commutative integration theory. 

The measure-theoretical framework of non-commutative integration theory is particular fruit- 
ful when appHed to measured foHations. The non-commutative integration theory of Alain 
Connes [21] provides us a measure theory on every measurable groupoid (G, B) with G'-'^^ the 
space of unities. In our applications G will be mostly the equivalence relation TZ or sometimes 
the holonomy groupoid of a foliation. Transverse measures in non-commutative integration 
theory sense will be defined from holonomy invariant transverse measures. Below a list of fun- 
damental objects and facts. This very brief and simplified survey in fact the general theory 
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admits the existence of a modular function that says, in the case of fohations how transverse 
measure of sets changes under holonomy (under flows generated by flelds tangent to the foHa- 
tion). Hereafter our modular function is everywhere 1, corresponding to the geometrical case 
of a foliation equipped with a holonomy invariant transverse measure (this is a definition we 
give below). 

Measurable groupoids . A groupoid is a small cathegory G where every arrow is invertible. 
The set of objects is denoted by G'-"-' and there are two maps s,r : G — > G'-''-' where 
7 : 5(7) — > f(7)- Two arrows 71,72 can be composed if ^(72) = 5(71) and the result 
is 71 • 72- The set of composable arrows is G^^^ = {(71,72) : ''(72) = 5(71)}. As 
a notation Gx = r~^(x), G^ = s^^{x) for x G G^"^. An equivalence relation TZ C 
X X X is a groupoid with r{x,y) = x and s{x,y) ~ y, in this manner {z,x) ■ {x,y) = 
{z,y). The range of the map (r, s) : G — > G'-"-' x G'-^-' is an equivalence relation 
called the principal groupoid associated to G. In this sense groupoids desingularize 
equivalence relations. A measurable groupoid is a pair (G, B) where G is a groupoid 
and S is a cr-field on G making measurable the structure maps r, s, composition o : 
G'^' — > G and the inversion 7 1 — > 

Kernels are mappings x 1 — > where is a positive measure on G, supported on the 
r-fiber G^ = r^^{x) with a measurability property i.e. for every set A e S the function 
y I — *■ X^{A) G [0, +00] must be measurable. 

A kernel A is called proper if there exists an increasing family of measurable sets (A„)„gN 
with G = U,iA„ making the functions 7 1 — > A''(^)(7^^(A)) bounded for every 12 e N. 
The point here is that every element 7 : x — > 2/ in G defines by left traslation a measure 
space isomorphism G^ — > G^ and calling 

i?(A)^ 7A^ (15) 

here 7Aa; is push-forward measure under the 7-right traslation) one has a kernel in the 
usual sense i.e. a mapping with value measures. The definition of properness is in fact 
properness for i?(A). 

The space of proper kernels is denoted by 

Transverse functions are kernels {v^)xex with the left invariance property jv^'^'^^ — 

for every 7 g G. One checks at once that properness is equivalent to the existence of 
an increasing family of measurable sets (A„)„ with G = U„A„ such that the functions 
x I — *■ v^{An) are bounded for every 71 e N. The space of proper transverse functions is 
denoted £+. 

The support of a transverse function v is the measurable set supp(i^) = {x € G^^^ : 
^ 0}. This is saturated w.r.t. the equivalence relation induced by G on G^^\ xTZy 
iff there exists 7 : x — > y. If supp(j^) — G'"' we say that v is faithful . 

When G = TZ or the holonomy groupoid this gives families of positive measures one for 
each leaf in fact in the first case the invariance property is trivial, in the second case we 
are giving a measure i^^ on each holonomy cover G^ with base point x but the invariance 
property says that these are invariant under the deck trasformations together with the 
change of base points then push forward on the leaf under r : G^ — > ■ 

Convolution. The groupoid structure provides an operation on kernels. For fixed kernels Ai 
and, A2 on G their convolution product is the kernel Ai * A2 defined by 

(Ai*A2)«= / (7A^)^^A?(7), yeX. 



20 



Paolo Antonini 



It is a fact that if A is a kernel and is a transverse function then ly * X is a transverse 
function. Clearly R{Xi * A2) — R{Xi) ° RiX) the standard composition of kernels on a 
measure space. Here R{-) is that of equation ifTS]) 

Transverse invariant measures (actually transverse measures of modulo (5 = 1). These 
are linear mappings A ; — > [0, +00] such that 

1. A is normal i.e A(sup^'„) = supA(i/„) for every increasing sequence z^„ in 
bounded by a transverse function. Since the sequence is bounded by an element of 

the expression supf„ makes sense in 

2. A is invariant under the right traslation of G on This means that 

for every f G £^ and kernel A such that A*'(l) = 1 for every y g 

A transverse measure is called semi-finite if it is determined by its finite values i.e 
A(i/) = sup{A(i''), ly' < V, A(i/') < 00}. We shall consider only semi-finite measures. 

A transverse measure is g -finite if there exists a faithful transverse function v of kind 
V ~ supi^n with A(f„) < 00. 

The coupling of a transverse function £ S'^ and a transverse measure A produces a 
positive measure A^ on G'"-' through the equation A^{f) := A((/ o s)v the invariance 
property refiects downstairs (in the base of the groupoid) in the property A^(A) ~ 
K{v * A) for J/ e and A e C+ . 

Measures on the base G(") that can be represented as Ki, are characterized by a theorem 
of disintegration of measures. 

Theorem 4.5 — (Connes [26]) Let v he transverse proper function with support A. 

The mapping A 1 — > A^ is a bijection between the set of transverse measures on G^ = 
r^^{A) U s^^{A) and the set of positive measures ^ on G^°^ satisfying the following equiv- 
alent relations 

1. (fl O I/) = fj, o u 

2. X, y e C+ ,iy * X ^ V * X' e €+ =^ = A*(A'(1)). 

Nex we shall explain this procedure of disintegration in a geometrical way for foliations. 

We shall see that what is important here is the class of null-measure subsets of G^"). A 
saturated set A C G^"^ is called A-negligible if A^, (A) = for every € f + . 

Representations. Let H he a measurable field of Hilbert spaces; by definition this is a 
mapping x 1 — *■ from G^"^ with values Hilbert spaces. The measurability structure 
is assigned by a linear subspace A4 of the free product vector space of the whole family 

Il^^Q{o)Hri. meaning that 

1. For every £ A4 the function x 1 — > is measurable. 

2. A section 77 g H^^QmHx belongs to A4 if and only if the function {r]{x),£,{x)) is 
measurable for every G Ai. 

3. There exists a sequence {CijieN C M. such that {^i(a;)}igN C M is dense in for 
every x. 
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Elements of M are called measurable sections of H. 

Suppose a measure /i on G^^^ has been chosen. One can put together the Hilbert spaces 
Hx taking their direct integral 

This is defined as follows, first select the set of square integrable sections in M.. This 
is the set of sections s such that the integral /q(o) \\s{x)\\'\j^diJL{x) < oo then identitify 
two square integrable sections if they are equal outside a ^-null set. The direct integral 
comes equipped with a natural Hilbert space structure with product 

(s,i):=/ (s{x),t{x))H^d^j.{x). 

The notation s — /^.(o) s(x)d^{x) for an element of the direct integral is clear. A field 
of bounded operators x i — > £ B{Hx) is called measurable if sends measurable 
sections to measurable sections. A mesurable family of operators with operator norms 
uniformely bounded ess sup < oo defines a bounded operator called decomposable 
B := /g,(o, Bxdfj,{x) on the direct integral in the simplest way 

Bs :~ / Bxdfi{x) s — / Bxs{x)dfi{x). 

For example each element of the abelian Von Neumann algebra i^(G'(°^) defines a 
decomposable operator acting by pointwise multiplication. One gets an involutive al- 
gebraic isomorphism of L^(G'^°-') onto its image in B{J Hxdfi{x)) called the algebra 
of diagonal operators. One can ask when a bounded operator T G B{J Hxd^{x)) is 
decomposable i.e. when T = j Txd^{x) for a family of uniformely bounded operators 
{Tx)x- The answer is precisely when it belongs to the commutant of the diagonal algebra. 

A representation of G on is the datum of an Hilbert space isomorphism J7(7) : 
i7s(7) — > Hr['y) for every 7 € G with 

1. C/(7f ^72) = t/(7i)~^?7(72), V7i,72 € G, r(7i) = r(72). 

2. For every couple ^, ?7 of measurable section the function defined on G according to 
7 I — > {Vr{'y),U{'^)ris(j)), is measurable. 

A fundamental example is given by the left regular representation of G defined by a 
proper transverse function S in the following way. The measurable field of Hilbert 
space is L^(G, i/) defined by x 1 — > L'^{G^,i'^) with the unique measurable structure 
making measurable the family of sections of the kind y 1 — > f^Q^ obtained from every 
measurable / on G such that each / j/pdz^^ is finite. For every 7 : x — > y in G one has 
the left traslation L{-f) : L^{G'',i^'') — > L^{Gy, vV), {L{-i)f){i) = /{-/'W), i G G^'. 

Intertwining operators are morphisms between representations. If {H,U), {H',U') are 
representations of G an intertwining operator is a measurable family of operators {Tx )x^Qm 
of bounded operators : — > H'^ such that 

1. Uniform boundedness; esssup ||T^|| < 00. 

2. For every 7 € G U'{^)T,^^^) = T,(.,)U{^). 

Looking at a representation as a measurable functor, an intertwining operator gives a 
natural transformation between representations. The vector space of intertwing opera- 
tors from H to H' is denoted by Iion\c{H, H'). 
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Square integrable representations. Fix some transverse function v e £+. For a rep- 
resentation of G the property of being equivalent to some sub-representation of the 
infinite sum of the regular left representation L'' is independent of v and is the defi- 
nition of square integrability for representations. Actually, due to measurability issues 
much care is needed here to define sub representations (see section 4 in [26]) but the next 
fundamental remark assures that square integrable representations are very commons 
in applications. 

Measurable functors and representations. Let 7?^+ be the cathegory of (standard) mea- 
sure spaces without atoms i.e. objects are triples {Z,A,a) where {Z,A) is a standard 
measure space and a is a (T-finite positive measure. 

Measurability of a functor F : G — > TZ+ is a measure structure on the disjoint union 
Y = Ua:eG(°> -^(^) making the following structural mappings measurable 

1. The projection tt : F — > G^°\ 

2. The natural bijection n^^{x) — > F{x). 

3. The map x i — > , a cr-finite measure on F{x). 

4. The map sending (7, z) G G x A" with 5(7) — 7r(z) into ^(7)2 € Y. 

Usually one assumes that Y is union of a denumerable collection (y„)„ making every 
function a^{Yn) bounded. With a measurable functor F one has an associated represen- 
tation of G denoted by • F defined in the following way: the field of Hilbert space is 
X I — > L^{F{x),a'') and if 7 : X — >y then define U{^) : L'^{F[x),a^) — > L^{F{y),ay) 
by / I — > F(7~^) o /. Proposition 20 in [26] shows that this is a square-integrable 
representation. 

Random hilbert spaces and Von Neumann algebras. We have seen that every fixed 
transverse measure A defines a notion of A-null measure sets (for saturated sets) hence 
an equivalence relation on EmlGiHi, H2) the vector space of all intertwining opera- 
tors T : Hi — > H2 between two square integrable representations Hi. Each equiv- 
alence class is called a random operator and the set of random operators is denoted 
by EndA {Hi , i?2 ) ■ Also square integrable representations can be identified modulo A- 
null sets. An equivalence class of square integrable representations is by definition a 
random hilbert space. 

Theorem 2 in [2^ says that Eiid\{H) is a Von Neumann algebra for every random 
Hilbert space. 

More precisely choose some G and put /i = A^, and m := ^ • v to form the 
Hilbert space H. = L^{G,m). For a function / on G denote Jf = /'(7) = ./(7~^), 
consider the space A of measurable functions f on G such that /, € (G, m) and 
sup(z^|/'*|) < 00. Equip A with the product f ^^g = fv*g. The structure A has is that 
of an Hilbert algebra (a left-Hilbert algebra in the modular case) i.e A is, & ^-algebra 
with positive definite (separable) pre-Hilbert structure such that 

1- {x.y) {y*,x*), yx,y e A. 

2. The representation of ^ on ^ by left multiplication is bounded, involutive and 
faithful. 

With such structure one can speak about the left regular representation A of ^ on 
the Hilbert space completion H of A itself. The double commutant A"(^) of this 
representation is the Von Neumann algebra M^(^) associated to the Hilbert algebra A. 
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It is a remarkable fact that M^(.4) comes equipped with a semifinite faithful normal 
trace r such that 

Furthermore one knows that the commutant of \{A) in Ti. is generated by the algebra 
of right multipHcations \' {A) = JX{A)J for the conjugate-Hnear isometry J : Ti. — > H 
defined by the involution in A. For every A-random Hilbert space H one can use 
the measure on G*^*^^ to form the direct integral i^{H) = J H^dA^^x). Remember 
that the direct integral is the set of equivalence classes modulo zero measure of 
square integrable measurable sections. Now, directly from the definition, an intertwining 
operator T e HomA(i^i, ^^2) is a decomposable operator defining a bounded operator 
i^iT) : i^{Hi) — > iy{H2). 

Put Wlv) for the Von Neumann algebra associated to the Hilbert algebra L^iG^m), 
m ~ Au • V, v ^ £^ . 

Theorem 4.5 — (Connes) Fix some transverse function v & £^ 

1. For every A-random Hilbert space H there exists a unique normal representation 

of W{v) in v{H) such that C/^(/) = U{fv) f e Ay. Here U{fv) is defined by 

2. The correspondence H \ — > v{H), T \ — * v{T) is a functor from the (VF*)-cathegory 
Ca of random Hilbert spaces and intertwining operators to the category of W{v) 
modules. 

3. If the transverse measure v is faithful the functor above is an equivalence of cathegories. 

Then in the case of faithful transverse measures one gets an isometry of EndA(JT) on 
the commutant of W{y) on the direct integral viH). In particular EndA(i?) is a Von 
Neumann algebra. 

Transverse integrals. The most important notion of non commutative integration theory 
is the integral of a random variable against a transverse measure. A positive random 
variable on (G, B, A) is nothing but a measurable functor F as defined above. Let X := 
UxsGC) ^(^) disjoint union measure space and the space of measurable functions 
with values in [0, +00] while is for functions with values on (0,+oo]. Kernels A 
on G acts as convolution kernels on jr+ according to (A * J){z) = J f{^~^z)dXy{'-f), 
y = 7r(z) € G'-^-'. This is an associative operation (Ai * A2) * / = Ai * (A2 * /). 

Now to define the integral / FdX choose some v faithful and put 

j FdX - sup{A,(a(/)), / e * / < 1}, 

this is independent from u and enjoys the following properties 

1. there exist random variables Fi, F2 with F = Fi ® F2 such that / Fic?A = and a 
function /2 £ ^^+(^2) with X2 = [jxeGW F^ix) with i/ * = 1. 

2. Monotony. If /, /' G J'iX) satisfy iy*f<i^*f<l then 

A.((a(/)) < A.((a(/')) 

in particular for F2 as in 1. 



F^dA A,{{a{f)). 
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Traces. Let ^ be a Von Neumann algebra with the cone of positive elements A"*". 
A weight on a ^ is a functional cf) : A+ — > [0, oo] such that 

1. (/)(a + b) = (j){a) + (j){b), a,be A+ 

2. <p{aa) = a(j){a), a € R+, a e A+ . 

a weight is a trace if 4>{a*a) — 4>(aa*), a e A+. A weight is called 

• faithful if (j){a) = 0^a^O,a<=A+. 

• normal if for every increasing net {a,;}i of positive elements with least upper bound 
a then 

(/)(a) = sup{(/>(ai)}. 

• Semifinite if the linear span of a the set of 0-finite elements, {a G : (j){a) < oo} 
is (J- weak dense. 

Every V.N algebra has a semifinite normal faithful weight. 

The Von Neumann algebra End\{H) associated to a square integrable representation 
comes equipped with a bijection T i — > $t between positive operators and semifinite 
normal weights $t : EndA(_ff) — > [0, +cx)] where <i>T is faithful if and only if is 
not singular A-a.e. The construction of this correspondence uses the fact, for a faithful 
transverse function j/ the direct integral J^(-ff) = / HxdA^{x) is a module over the Von 
Neumann algebra associated to the Hilbert algebra A above described. 

The notation of Connes is 



$t(1) J Tmce{T^)dA{x) 



i.e. the mapping T i — > $t(1) is the canonical trace on EndA{H). In fact this is related 
to the type / Von Neumann algebra P of classes modulo equality A^ almost everywhere 
of measurable fields {Bx)x(£G'.'>i ^ € B{Hx) of bounded operators. Remember that P 
has a canonical trace p{B) = J TTace{Bx)dA^{x) hence we can define 

priB) J Tracc(T,B,)dA,(x). 

The next lemma will be important in our applications 



Lemma 4.6 — For a faithful transverse function u there's a unique operator valued 
weighl0 from P to EndA(i^) such that the diagram 



P^ 



Pt(-)= J 'Tra.co{T^-]dh^{x) 



EndA(H) — C 

is commutative. Moreover E,, is such that if i? = {Bx)xeG^'>^ ' ^ ^ 'f 9" operator 
making bounded the corresponding family 

Cy := / U{-i)B^U{^)-Huy 



see [89] for the definition 
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then E^{B) = C. 

Let F he a random variable and put H = • F . The integration process above 
defines a semi-finite faithful trace on the Von Neumann algebra EndA(^^). In fact, for 
T <E End^(iJ) let Ft the new random variable defined by x i-^ {F{x),aTix)) where 
axix) is the measure on F{x) such that aT(x)(/) = TTiicei^2{T^^^ M{f)T^^'^) where / 
is a bounded measurable function on F{x) and M{f) the corresponding multiplication 
operator on L?{F(x)). The trace is 

$7,(1) = / FrdA. 



In the following we shall use often the notation trACT) = $t(1) to emphasize the 
dependence on A. 

With a trace one can develop a dimesion theory for square integrable representation 
i.e. a dimension theory for random Hilbert spaces that's very similar to the dimension 
theory of F-Hilbert modules. 

The formal dimension of the random Hilbert space H is 

dimA(H) = j Tracc(lHjrfA(a;) 
here some fundamental properties 



Lemma 4.7 — 

1. If HoniA(i?i, i?2) contains an invertible element then dimA(i^i) = dimA(iJ2)- 

2. dimA(ei?.) = EdimA(-ff.)- 

3. dim5^A.(®i?) = EdimA.(i^). 

Formal dimensions and projections We need more properties of the formal dimension 
that are implicit in Connes work but not Hsted above. 

Start to consider sub-square integrable representation. Consider a Random Hilbert 
space (if, U) ; if for every x one choose in a mesurable way a closed subspace K such 
that C/(7) : — > Ky for every 7 S G we say that {K,V), ^^(7) := £^(7)1^^^^ is a 
sub Random Hilbert space. Once a faithful v € £^ is keeped fixed, the functor v in 



theorem 4.4, page 23 displays H and K as submodules of the V.N. algebra associated 
to the Hilbert Algebra A, hence there must be an injection EndA(-ft') — > EndA(-ff). In 
fact from the diagram 

W{v) ^B{v{H)) 

B{u{K)) 

we see that multiplication by the bounded operator = Jq^o) v(ix)dK^{x) sends 
the commutator of W{v) in B{v{K)) into its commutator in B{v{H)). To check that 
the natural traces (p^ £ P(EndA(-ff)) and (p^ e P(EndA(A')) are preserved by this 
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inclusion we can examine with more detail the meaning of square integrability for a 
representation. So let us consider the subset of measurable vector fields 

D{V,v) := {e : 3c> : V?; € G(°\Va € Ky j^^ \{a,V{^)^,)Kfdy{^) < c^aW^}. 

The definition of square integrability is equivalent to the statement that D{V, v) contains 
a denumerable total subset. In other words the operation of assigning a coefficient 
a I — > Ti^(^)a = (a,^) defines an intertwining operator from V to the left regular 
representation of of G, on the field of Hilbert spaces L'^(R^ ,v^)x. This has the 
property T^{0* f ^ V{fu)^, ^ e D{V, v) if v\f \ is bounded. Then, for t] e D{V, v) 
the operator 

and the following interesting formula holds '7)^'i ^7') = (C'j'7)*i^('7'iO'' ^or bounded 

measurable sections of K. Furthermore the vector space Ji, generated by couples ^rj & 
D is a bilateral ideal and respects ordening for transverse functions, J,, C Ji^' liv <v' . 
Since the measure v is faithful this is also weakly dense hence completely determines 
the trace by the simple formula 

V>''iOAtO)= [ (e.,UdA,(x), ^eD{V,K). (16) 

Now via i we get an inclusion D{V, u) C D{U, v) let's check this statement: let ^ € 
D{V,v), y e GW, aeHy then 

/ |(a,[/(7)^.e.)KJ'c^i'(7)= / \{a,txV{j)^x)\lj,^{^) 
JGy JGy 

= / |(P«„a,y(7)UpdK7)<c2||af. 
JGy 

It turns out that under the inclusion End\{K) — > End\{H) it is essential to check 
how a 0,j{^, ^) acts on H and to check that the two natural traces are equal. These two 
problems are very simple now since for ^ G D{V,K) the endomorphism Oi,{£^,£^) under 
the inclusion is sent in Fiiid\{H) to the operator 

9,{it = T,m*Tm = ^*n{OTAO^■ (17) 
We can prove the following 



Lemma 4.8 — 



1. The natural traces are compatible w.r.t. the inclusions, in other words we have a 
commutative diagram 

EndA(A") ^ EndA(i?) 



2. To get the formal dimension of K as a Random Hilbert space is sufficient to trace the 
corresponding field of projections in EndA(-ff) 



27 



Proof — By the computation i|17p above, the density result on the ideal Ju and 
formula (fTG]) it is suffcient to check the next identity 



G(0) 



□ 



Now we have tools to prove two crucial properties of the formal dimension similar to 
the properties of the dimension of F- Hilbert modules (compare Chapter 1. of [ST] ) 



Proposition 4.9 — Let {(i/'^*^ C/^*))};^/ a system of Random Hilbert subspaces of 
{H, U) directed by C then 

dimA(closure ^ |^ iJ^*^^^ = sup{dimA Hi,i G /} 

If the system is directed by D then 

diniA ( Pi = inf{dimA Hi, i e /} 

i<£l 



Proof — The choice of a faithful normal transverse function v e estabilishes the 
equivalence of categories described above between Ca and the cat. of normal repre- 
sentations of the Von Neumann algebra associated with W{i'); the first statement then 
follows from the compatibility of the natural traces proved in l4.8l and the normality (the 
passage to sup) of the trace in the limit square integrable representation. The second 
statement follows from the first adopting a standard trick changing a decreasing system 
into an increasing one. It is in fact sufficient to consider 77'^*^-^ and observe 

^ - (.) 



From the fact that the family is bounded by H we can write the following equation with 
finite A-dimensions 

dimA (i^f''-^) = dimA(i/) - dimA(i/^'') 

□ 



4.2 Holonomy invariant transverse measures 

The main example of a non commutative measure space is the space of leaves of a foliation. It 
is in general impossible to look at the space of leaves as a quotient measure space. A famous 
example is the Cronecker foliation on the thorus given by irrational fiows ([23)- This 
foHation is also a foHated fiat bundle, so we can describe it, using the notations of example 
ED 
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Example — 

The Kronecker foliation. Let the group F = Z and the covering F = M — > = Y. 
Also let T — E>^ . The group Z acts on M x according to n- (r, e*^) :— {r + n, e*(^+"")) where 
a real number a has been fixed. Then if a/27r is irrational each leaf of the corresponding 
foliation is a copy of the real line and wires densely around . 

This fohation is ergodic i.e. a function almost everywhere constant along the leaves must 
be constant on the ambient. In particular every Lebesgue space of classical analysis is one 
dimensional isomorphic to C. 

A central concept is that of holonomy invariant transverse measure introduced by Plante 
|73j and Ruelle and Sullivan [83]. According to Connes [26] a transverse measure provides 
a measure on the space of leaves. Actually there exists a more general modular theory. 
Holonomy invariant measures correspond to the simplest case. 

4.2.1 Measures and currents 



Let AT be a manifold equipped with a fohation of dimension p and codimension q. We suppose 
always that the fohation is oriented i.e. the bundle of degree p leafwise forms ^^TT is trivial. 
This is not truly a restrictive assumption, in fact in the non-orientable case one can make 
use of densities instead of forms to define currents. Currents are directly related to holonomy 
invariant transverse measures by the Ruelle-SuUivan isomorphism. The goal of this section 
is to introduce all these notions and prove the relations between them. 
There is a weak version of the concept of a transversal 



Definition 4.10 — A Borel subset T c A is called a Borel transversal if the intersection of 
T with each leaf is (finite) denumerable. 

The set of all Borel transversals T is a cr-ring i.e it is closed under the operation of relative 
complementation and denumerable union. Recall that a cr-ring is a cr-algebra if contains 
the entire space. This is in general not the case for the set of all Borel transversals hence 
holonomy measures will be defined only on tr-rings. 



Definition 4.11 — A holonomy invariant transverse measure is a cr-additive map : T — 
[0, +oo] such that 

1. For a Borel bijection i/' : Bi — > with ~ x (the relation of being on the same leaf) 
then = ^-L{B2). 

2. n is Radon i.e. for every compact K <Z B then ^{K) < oo. 



Definition 4.12 — A holonomy invariant transverse distribution is the datum for every 
transverse submanifold T of a linear and continuou^ map St ■ C^'{T) — > C such that if 
ip : Ti — > T2 is the holonomy of a path 7 on X, 



Now let HomcontiC^ {/\'^T^X) , C) the space of d-dimensional currents on X . This is the dual 
space of the t.v.s. given by the compactly supported d-forms equipped with the topology of 

^w.r.t. the usual topology of the direct limit i.e. a distribution in the usual sense 
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the direct limit of Frechet spaces. The operations of Lie derivative Ly and contraction iy 
w.r.t. a vector field V and the de Rham exterior derivative d extends to distribution just by 
duality [27] , 

Note that a o?-diflterential form uj can be restricted to a subbundle S of the tangent bundle 
just by evaluation of w to the d-vectors belonging to A'^S'^ C f\^T*Xc- 

Definition 4.13 — A c?-dimensional current [d is the dimension of the leaves) C is said a 
foliated current if it is invariant under the operation of restriction i.e {C,uj) = for every p-form 
UJ such that uj^xj^ = 0. 

Notice that for a d-dimensional foliated current C the condition of being closed is equivalent 
to require dxC = for every section X G C°°{X;TT). 

Proposition 4.14 — For a manifold X equipped with a d-dimensional foliation is equivalent 
to give 

1. A holonomy invariant transverse distribution. 

2. A closed foliated rf-current. 



Proof — We define first holonomy invariant transverse distributions relative to regular atlas 
and show that they define closed foliated c?-currents. Since the definition of current does not 
depend on the atlas and every h.i.t. distribution restricts to a h.i.t. distribution relative to 
each regular atlas the proof will be complete. For a foliated chart fl — > V C M""'' x R'' the 
local transversal associated is the quotient space defined by the relation x ^ y ii x,y belongs 
to the same plaque ofQ. In particular a local transversal is the space of plaques in ft. We say 
that the inclusion Q ^ Q' of distinct open sets is regular and write < fi' if the inclusion 
mapping i : fl ^ fl' passes to the quotient to define a smooth mapping on the transversals. 
In particular each plaque of fl meets only a plaque of fl'. 

We say that a foliated atlas {{fli, of {X, T) of foliated charts fi^ is a good cover if 

1. is locally finite 

2. for every i,j such that Q.i C\Q,j ^ % there exist a distinct open set Vt such that Vli <\ Q, 
and Vlj <\Vl. 

Standard methods show that a regular atlas always exists. 

Now define a transverse distribution relative to a regular cover to be a distribution on every 
local transversal To of each finite intersection — VliC\ ...nVlk with the property of (relative) 
holonomy invariance i.e the distribution associated to Tjino' is equal to the restriction of the 
distribution associated to Tn and the distribution associated to To' . 

So let C be a closed foliated current and {fi^ji a regular atlas for T. For every i choose a 
differential c?-form uji compactly supported in some neighborhood of Vli c^i Li ^Ti such that 
J^j.^^ uji = \ for every t £ Ti. A transverse distribution 5i on the local transversal Ti is now 
defined by 

((5,,/) := (CM) /GCr(T,). 

This definition is independent of the choice of the forms w^; in fact if J^^^j = /L(t) ^'i ^ ^ 
there must be some family d + 1-forms t i — > a{t) such that dm)(^{t) ~ uj{t) — uj [t). This 
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family can be extended to a form a on Vli using the trivial connection. But C is foliated and 
closed then, 

{C,uj,-uj',)^{C,dfa)={). 

The independence from the choice of uii also proves the relative holonomy invariance in fact, 
for two distinct sets Hi U Vlj one can choose ujij such that /^.((■jWy = Jj^.^^f^^ij = 1 for 
teTiHTj. 

Viceversa let S a holonomy invariant transverse distribution relative to a good cover. Define 
first a closed foliated c?-current Co on fl for every fli ~ Li x Ti of the cover then patch 
together using a smooth partition of the unity. 
If a; is a compactly supported c?-form on H define 

{Cn,uj) :== (^S, / 

in other words we let S act on the function on T defined by 1 1 — > /^^^^ uJF{l,t). This collection 
of local currents is coherent with intersections by means of the holonomy invariance in fact 
Cn ~ Cw on Q,C\Q,' . Furthermore every Cji is closed since 

{Cn,duj) = {6T,J^dw\F) = {St,0) 

The property of being foHated is immediate since by costruction they depend only on the 
values of the forms on the foHation. □ 



Remark — Actually there is also another interesting geometric definition of a holonomy 
invariant measure as a (Radon) measure on X that is invariant in the direction of the leaves 
i.e. a measures on the ambient manifold that is invariant under fiows generated by vector 
fields tangent to the foHation. Also a notion of distribution invariant in the direction of the 
leaves can be defined (see [26]). 

To complete the picture one has to speak about positivity. Recall that our foliation is oriented. 



Definition 4.15 — A closed rf-current C is positive in the direction of the leaves if (C, uj) > 
for every d-form that restricts to a positive form on the leaves. 



Theorem 4.15 — Is equivalent to give on an manifold X with an oriented foliation 

1. A holonomy invariant transverse measure i.e. a (Radon) measure on the cr-ring of all 
transversals invariant under the action of the holonomy pseudogroup F. 

2. A measure on X invariant in the direction of the leaves. 

3. A closed foliated current positive in the direction of the leaves. 



Proof — Apart for the case of invariant measures on X that are positive in the direction of 
the leaves for whose we make reference to [26j the only observation to do here is that a foliated 
current that is positive in the direction of the leaves defines a positive transverse distribution. 
□ 
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4.2.2 Tangential cohomology 

Let h'^T*T the bundle of exterior fc-powers of the cotangent bundle of the foliation. In the 
terminology of Moore and Schochet this is a tangential vector bundle i.e. it has a canonical 
foHation compatible with the vector bundle structure. In a local triviaHzation over a foHated 
chart 



L X T— 

this foliation is given by the product foliation (^L x X T, in particular the bundle 

projection maps leaves into leaves. 

Definition 4.16 — A continuous section of h^T*T is called a tangential k differential form 
if in every trivialization as above it restricts to be a smooth section on every plaque L x {t}. The 
space of tangential ^-differential forms is denoted with il'^{X) and ri'^^^{X) is the subspace of 
the compactly supported ones. 

In a foliated chart with leafwise cordinates xi,...,Xp and transversal coordinate t, a tangen- 
tially smooth differential form can be written 

id = ^a;, (xi, ...,Xp,t)dXi^ A • • • A dxi^ (18) 

with Qi, and all of its derivatives w.r.t. xi, ...,Xp continuous in all its variables. One can hence 
form the tangential De Rham operator c?t '■ ^rd-^) — *■ ^rc(^) J^^t applying the standard 
de Rham operator plaque by plaque. We have defined the complex {n*^{X), dr) of tangential 
forms with compact support {dr is an example of leafwise differential operator, it decrease 
supports). 

Definition 4.17 — The homology of the complex {n*^^{X),dr) is called the tangential 
cohomology with compact support and denoted by H*^{X). 

We can naturally define also tangential cohomology starting with forms without the condition 
of compactness of the support. In general the tangential cohomology has infinite dimension 
this is due to the fact that the continuous transverse control is much more relaxing than 
smoothness in every direction. In fact there is an interesting question on how the dimension 
of these spaces changes passing from tangential continuity (also measurability) to smoothness. 
In Chapter III of [65] there are examples of these phenomena. In the case the foliation is given 
by the fibers of a trivially local fiber bundle F ^ M — > X the tangential cohomology turns 
out to be naturally isomorphic to the space of continuous sections of the bundle H — > X 
where the fiber = H^^{Mx) is the de Rham cohomology of the fiber above x. 
Let's topologize each space ^1*^{X) by requiring uniform convergence of every coefficient 
function Oi, in (fT8| with its tangential derivatives in every compact subset of each foli- 
ated chart. It often happens that the topological vector space H'^{X) is not Hausdorff; 
this is the reason why it is convenient to take its maximal Haudorff quotient to define the 
closed tangential cohomologj0 

hI{X) H';{X)/'{Q} = Kcr(d, : fij:, 17^+1 )/Rangc(d, : ^tc^ 17^ J. 




^sometimes called the tangential reduced cohomology 
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In general this leads to different spaces, for the irrational flow on the torus i?^(T,R) = M 
while H^{T,R) is infinite dimensional ([65]). 

Definition 4.18 — Elements of the topological dual of i.e. continuous linear func- 

tionals C : n'^{X) — > C are called tangential currents. The space of tangential currents is 
denoted by 

Ql :=Homeo„.(r!^,(X);C). 

Note that a foHated current of definition 14.131 is a current in the ordinary sense that passes 
to define a tangential current under the restriction morphism : n''{X) — > fi^(X). The 
differential dr : fl'{X) — > (we will omit the subscript r by simplicity of notation) 

is continuous and extends by duality to currents, : ni{X) — > fll_^{X) according to the 
sign convention {u!,d^) ~ {—l)''^^{drU!,c). There is an isomorphism 

Homeon.(i?.^c(^);R) = Hl{X;R) 
and theorem |4.5, page 30| is essentially the Ruelle-Sullivan isomorphisnf°l 

MT(X) ^Homcon.(i^^c.R) 

between the vector space of signed holonomy invariant transverse Radon measures and the 
topological dual space of the top degree tangential homology. The tangential current defined 
by a measure A is called the Ruelle Sullivan current Ca. 

4.2.3 Transverse measures and non commutative integration theory 

Up to this point we have used the name transverse measure for at least two objects; measures 
on the union of all transversals and transverse measures in the equivalence relation TZ (or the 
holonomy groupoid, G) according to definition 14.11 In the rest of the section we clarify the 
relationship between them. First we need a couple of additional definitions 

Definition 4.19 — A transverse measure A in the sense of non commutative integration 
theory for the equivalence relation TZ (or the holonomy groupoid G) is called locally finite if 
A{iy) < oo for every // G £^ having the following two properties 

1. ly is locally bounded i.e. supiy^{K) < oo for every K compact in TZ 

2. ly is compactly supported i.e. is supported in s^^(A') for a compact K C X. 



Definition 4.20 — The characteristic function ua of a subset A c A is the transverse 
function defined by iy%{B) = \s-^{A) n G"" n B\ or equivalently i^(/)(y) E^ec^ s(7)6A /(7) 
for a Borel function / on G. 

Note that the characteristic function is nothing but the lift s~^{fiA) of the counting measure 
concentrated in A. This actually shows that = z^^, 7 S G|. 

Theorem 4.20 — (Connes 126]) Let A be a locally finite transverse measure for TZ (G). Let Z 

^"at this level this is only a vector space iso. but one can consider the *-weak topology on the space of 
measures to force this to be a topological iso. However we don't need continuity. 
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a transverse submanifold; for a compact set K C Z define t[K) := A(z^x)- This is the definition 
of a Positive Radon measure on Z that is holonomy invariant. 
In other words the correspondence A i — > r is a bijection 

{Locally finite transverse measures on TZ] — > {Holonomy invariant transverse measures on X}. 

Remember that there is a couphng between transverse measures A on 7?. and transverse 
functions v to produce a measure on X defined by ^u{f) = A((s o f)v) then 

K,,{l)^K{vk)^T{K). 

Definition 4.21 — Choose some Radon measure a on the ambient manifold X\ call the 
lift of a the transverse measure := s*{a) where s : G'^ — > X. We say that a lift is 
transversally measurable if for every foliated chart f2 = L/ x T it is represented as a weakly 
measurable mapping T — > Ra([/) from T to the space of Radon measures on [/, bounded if Vl 
is relatively compact. 



Proposition 4.22 — (Connes [26J ) The map a \ — > s*{a) is a bijection between transversally 
measurable Radon measures on X and transverse functions v sue that supj/(A') < oo for every 
compact K c G. 

Proposition 4.23 — Choose some Radon measure a on X with support X. Let u = s*{a). 
The mapping A i — > A^ is a bijection between locally finite transverse measures on G and Radon 
measures n on X with the property: 

for every disintegration of ^ on a foliated chart along the fibers of the distinct mapping = 
U xT — > T the conditional measures satisfy 

d^t = dat. 

In practice the above propositions furnishes a geometrical recipe to recognize the measure K^, 
on the base X if A is a transverse measure on the fohation i.e. a measure on the cr-ring of all 
Borel transversals. In fact choose some foliated atlas fi^ ~ [/^ x Ti with the set of coordinates 
(x,t) and a subordinate smooth partition of the unit ipi. Then for a function / 

^Af)^y,f I ip^{x,t)f{x,t)dvt{x)dkTAt) 
, JtJu. 

where vt{x) is the longitudinal measure v restricted to the plaque Ui x {t\. We shall refer to 
this Fubini type decomposition as to the integration process according to the terminology of 
the book by Moore and Schochet [65) . 

4.3 Von Neumann algebras and Breuer Fredholm theory for folia- 
tions 

Let TZ the equivalence relation of the foliation. For square integrable representations on the 
measurable fields of Hilbert spaces Hi let HovaniHi, H2) the vector space of all intertwining 
operators. The choice of a holonomy invariant measure A on the foliation gives rise to a 
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transverse measure on TZ in the sence of non commutative integration theory hence a quotient 
projection 

HomK(ffi, Ha) — > HomA(ffi, Ha) 

given by identification modulo A-a.e. equality. Elements of HomA(-H'i, ffa) are called Random 
operators. If Hi = H2 = H, then HomK(_ff, = EndK(_ff) is an involutive algebra, the 
quotient via A is a Von Neumann algebrcf"] 

YLomniH) — > EndA(i7). 

For a vector bundle E — > X let L'^{E) be the Borel field of Hilbert spaces on X, fixed 
by the leafwise square integrable sections {L^{Lx, E^l^)}x<£x ■ There is a natural square 
integrable representation of TZ on L^{E) the one given by {x,y) 1 — > Id : L^{Lx,E) — > 
L^{Ly, E). Denote End7?,(i?) the vectorspace of all intertwining operators and HomA(i?) the 
corresponding Von Neumann algebra. 

Since we need unbounded operators we have to define measurability for fields of closed un- 
bounded operators. Remember that the polar decomposition T = u\T\ is determined by the 
couple of bounded operators u and [l + T*T)^^ . 

Definition 4.24 — We say that a field of unbounded closed operators is measurable if 
are measurable the fields of bounded operators Ux and (1 + T*Tx)~^ . 



Remark — .In the paper [68] about unbounded reduction theory. An unbounded field of 
closed operators A is said measurable if the family corresponding to the projection on the 
graph is measurable on H®H with the direct sum measure structure. Writing the projection 
on the graph as 

iUl) ^ ((1 + + A*r;), A(l + A*A)-\i + A*i^)) 

we can see that these definition is equivalent to the one given here 

Next, we review some ingredients from Breuer theory of Predholm operators on Von Neumann 
algebras, adapted to our weight-theory case with some notions translated in the language of 
the essential A-spectrum, a straightforward generalization of the essential spectrum of a self- 
adjoint operator. Main references are |16| flT] and [20] and |21) . 

Remember that the set of projections V {A <E EndA(£'),A* — A,A^ = A\ of a Von 
Neumann algebra, has the structure of a complete lattice i.e. for every family {Ai\i of 
projections one can form their join WAi and their meet A^^. Then for a random operator A G 
EndA(-E) we can define its projection on the range R{A) e V{EndA{E)) and the projection 
on its kernel N{A) e V{EndAiE)) according to R{A) := V{P e r(EiidA{E)) : PA = A} and 
N{A) := A{P e 7'(EndA(£')) : PA = P}. If ^ is the class of the measurable field of operators 
Ax, it is clear that R{A) and N{A) are the classes of R{A)x and N{A)x. 

Definition 4.25 — Let Hi, i = 1, ..,3 be square integrable representations of TZ define 

1. A-finite rank random operators. Bjy{Hi, H2) := {A e llom\{Hi, H2) : tr^ R{A) < 00} 

^^to be precise this is a W* algebra in fact it is not naturally represented on some Hilbert space. The choice 
of a longitudinal measure u gives however a representation Endfi{H) — > B{J-^ HxdA^{x)) on the direct 
integral of the field 
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2. A-compact random operators. Bf^{Hi, H2) is the norm closure of finite rank operators. 

3. A-Hilbert-Schmidt random operators 

Bl(HuH2) := {A e HomA(ifi, i/a) : trA{A*A) < 00}. 

4. A-trace class operators. B\{H) = Bl{H)Bl{H)* = {YJ^^^ S^T* : Si,T, e Bl{H)}. 

Lemma 4.26 — Let * = /, 1, 2, 00. Bl{H) is a *-ideal in EndA(^^). An element A e Bl{H) 
iff 1^1 e B\{H). The following inclusion holds 

Bi{E)(zB\{E)czBl{E)^B]^{E). 

Furthermore 

B\{E) ^{Ae EndA(£;) : tiA \A\ < 00}. 



Proof — The proof is very similar to the standard case. □ 

An important inequality is the following, take A G B\{E) and C S EndA(iJ). We have polar 
decompositions A = U\A\, C = V\C\ then \A\ = U*A G B\{E), e Bl{E) and 

|trA(C^)| < |lC||trA|A|. (19) 

For the proof being a very standard calculation in Von Neumann algebras, can be found in 
chapter V of [89] . 

Definition 4.27 — A random operator F e HomA(-E'i, £'2) is A-Fredholm (Breuer-Fredholm) 
if there exist G G HomA(£2,£^i) such that FG - Id e ^^(£^2) and GF - Id e B^{Ei). 

Definition 4.28 — For an unbounded field of closed operators : Hi — > H2 between two 
measurable fields of Hilbert spaces Hi the field of bounded operators 

: (Domain(r,), II • ||tJ ^ ^^2 

where || • ||t^ is the graph norm is measurable by Remark [431 We say that T is A-Breuer-Fredholm 
when this field of bounded operators is A-Breuer-Fredholm. 



Proposition 4.29 — A random operator F e IIomA(-ffi, -ff2) is A-Fredholm if and only 
if N{F) is A-finite rank and there exist some finite rank projection S G EndA(-ff2) such that 
i?(Id-S') C R{F). 

Hence from the proposition above A-Fredholm operators F have a finite A-index. In fact 

trA(iV(F)) < 00 and 

trA(l-i?(F)) <trA(^) <oo, 



making clear the next definition. 
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Definition 4.30 — Let F e HomA(i?i, i?2) be A-Fredholm. The A index of F is defined by 

indA(^^) := trA(A^(^^)) - trA(l - R{F)). 

The next result in The Shubin book by Shubin [HI], motivates the definition of an useful 
instrument called the A-essential spectrum 

Lemma 4.31 — Let M be a Von Neumann algebra endowed with a semi-finite faithful trace 
T, S ~ S* ^ M. Then S is r-Breuer-Fredholm if and only if there exists e > such that 
T{E{~e,e)) < oo, where E{A) is the spectral projection of 5* corresponding to a Borel set A. 
Besides if = 5* is r-Breuer-Fredholm then ind^ S = 0. 

So consider a measurable field T of unbounded intertwining operators. If T is selfadjoint 
(every is self-adjoint a.e.) the parametrized (measurable) spectral Theorem (cf. Theorem 
Xin.85 in [77]) shows that for every bounded Borel function / the family x i — > f{Tx) is 
a measurable field of uniformely bounded intertwining operators defining a unique random 
operator. In other words 

{/(T,)}, G EndA(i/). 

For a Borel set J7 C M let xt{U) be the family of spectral projections x i — > Xu{Tx)- Denote 
Ht{U) the measurable field of Hilbert spaces corresponding to the family of the images 
{Ht{U))x ~ xu[T)Hx. Let trA : EndJ(i7) — > [0, +oo] the semifinite normal faithful trace 
defined by A. The formula 

AiA,T(C/) := trA(xT((7)) = dimA(iJc/(r)) 

defines a Borel measure on R. 

Definition 4.32 — We call the Borel measure defined above the A-spectral measure of T. 



Remark — Clearly this is not in general a Radon measure (i.e. finite on compact sets). In 
fact due to the non-compactness of the ambient manifold a spectral projection of a relatively 
compact set of an (even elHptic) operator is not trace class. In the case of elliptic self adjoint 
operators with spectrum bounded by below this is the Lebesgue-Stiltijes measure associated 
with the spectrum distribution function relative to the A-trace. This is the (not decreasing) 
function A i — > trAX(-oo A good reference on this subject is the work of Kordyukov 

m- 

Notice the formula 

j /rfMA,T = trA(/(r)) 

for each bounded Borel function / : M — > [0,cx)). The proof of this fact easily follows starting 
from characteristic functions. Here the normality property of the trace plays a fundamental 
role. A detailed argument can be found in [70]. Next we introduce, inspired by [93] the main 
character of this section. 

Definition 4.33 — The essential A-spectrum of the measurable field of unbounded self- 
adjoint operators T is 

specA,e(7') := {A e M : AtA,T(A - e, A + e) = oo,Ve > 0}. 
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Lemma 4.34 — For Random operators the A-essential spectrum is stable under compact 
perturbation. H Ae EndA(£') is selfadjoint A = A* and S = S* e Bf{E) then 

SpeCA_e(A + S) = SpCCA^e(^)- 

Then if ti'A is infinite i.e. trA(l) = oo we have specA_e(^) = {0} for every A = A* ^ B'^{E). 

Proof — Let A e specA e(^), by definition diniA iJA(A — e, A + e) = oo. Then consider the 
field of Hilbert spaces 

Ge,x := {t e X(-x-e^x+e){A^)H.,; \\Sj\\ < e\\t\\} = HsA-^, e) n Ha^-^ -e,X + e). 

This actually shows that Ge is A-finite dimensional in fact Ha^{—X — e, A + e) is A-infinite 
dimensional while Hs^{—e, e) is A-finite codimensional. This shows that A G specA^e(A + S). 
The second statement is immediate. n 

There is a spectral characterization of A-Fredholm random operators as expected after Lemma 

m- 

Proposition 4.35 — For a random operator F e HomA(-ffi, H2) the following are equivalent 

1. F is A-Fredholm. 

2. ^ spccA,e(^'*-F) and ^ SpCCA^eC^^"*)- 

3. ^ specA^e 

4. N{F) is A-finite rank and there exist some finite rank projection S e EndA(i^2) such that 
i?(Id-S') c RiF). 



4.3.1 The splitting principle 

Let E — > X be a vector bundle. For every x £ X and integer k consider the Sobolev 
space H'^{Lx, E) of sections of E, obtained by completion of C^{Lx,E) with respect to the 
k Sobolev norm 

k 
i=0 

here the longitudinal Levi Civita connection w.r.t. the metric has been used. This is the 
definition of a Borel field of Hilbert spaces with natural Borel structure given by the inclusion 
into L^. In fact, by Proposition 4 of Dixmier [31] p. 167 to prescribe a measure structure on 
a field of hilbert spaces H it is enough to give a countable sequence {sj} of sections with the 
property that for x £ X the countable set {sj{x)} is complete orthonormal. In the appendix 
of Heitsch and Lazarov paper [38] is shown, making use of holonomy that a family with the 
property that each sj is smooth and compactly supported on each leaf can be choosen. 



Definition 4.36 — Consider a field T = {Tx}xex (not necessarily Borel by now) of continuous 
intertwining operators : C^{Lx\E\lJ — > C^{Lx]E\lJ. 
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• We say that T is of order fc e Z if Tj; extends to a bounded operator 

for each in G Z and for x a.e. 

• We say that the T is elliptic if each satisfies a Carding type inequality 

||s||^„.+. < C(L,,m,fc)[||s||H™ + ||T,s||ffi"], 
and the family {C{Lx,m,ky\xi^x is bounded outside a null set in X. 

Since each leaf is a manifold with bounded geometry for a family of elliptic selfadjoint 
intertwining operators {Tx}x£X every is essentially selfadjoint with domain H'^{Lx\E\l^). 
It makes sense again to speak of measurability of such a family. 

Definition 4.37 — For two fields of operators P and P' say that P = P' outside a compact 
K <Z X \i for every leaf and every section s E C^\Lx \ K: E) then Ps = P's. This property 
holding X a.e in X with respect to the standard Lebesgue measure class. 



Theorem 4.37 — The splitting principle. Let P and P' two Bore! fields of (unbounded) 
selfadjoint order 1 elliptic intertwining operators. If P = P' outside a compact set K (Z X then 

SPCCA_g(P) =specA^g(P'). 



Proof — Let A e spec^^^ g(P), for each e > put Xe ■— X(A-e,A+e) and ■= Xe (-P), then 
trA(Ge) = oo. The projection Ge amounts to the Borel field of projections {x'^{Px)}xex ■ 
By elliptic regularity on each Hilbert space Gt,x every Sobolev norm is equivalent in fact the 
spectral theorem and Garding inequality show that for s € Ge,x and € N 

\\s\\^.+. < C(Pi, fc + 2){||.s|U. + ||(Pi - A)^s|U.} < (C + e^)||s|U. 

where C(Pi, fc + 2) is a constant bigger than each leafwise Garding constant. 

Now choose two cut-off functions (p^ip G C^{X) with 4>k = 1 and V'lsupp^ = 1- Consider the 

following fields of operators 

B,:Ll^G,^x^Ll (20) 

C^:Ll^ (G,,., II • IIlO (Ge.., II • lUO — H^x (21) 

for a fc sufficiently big in order to have the Sobolev embedding theorem. We declare that 
C^C^ G EndA{E) is A-compact. In fact consider by simpHcity the case in which tp is sup- 
ported in a foHation chart U x T. The integration process shows that the trace of G^G^, is 
given by integration on T of the local trace on each plaque Ut = U x {t}. Now the operator 
xG^^x is locally traceable by Theorem 1.10 in Moore and Schochet [65] since by Sobolev 
embedding the range of is made of continuous sections (the fact that each sobolev norm 
is equivalent on G^ makes the teorem appHable i.e don't care in forming the adjoint w.r.t. 
norm or L^). These local traces are uniformly bounded in J7 x P from the uniformity of the 
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Garding constants for the family since we are multiplying by a compactly supported function 
Tp. Actually we have shown that C^C^ is A-trace class. There follows from Lemma l4.34l about 

A-compact operators that the projection ■= X(-e2,e2-)(C^C^) is A-infinite dimensional; in 
fact 

specA,e(C;C,^) = {0}. 

Now 1 — i?0 is A-Fredholm {B^ is A-compact ) then its kernel has finite A-dimension. Also 

since G*^C^Xe = C'^C'^ then G^Xe = Ge hence (1 - B^)Ge = (1 - (t>)Ge C domain(F') is 

A-infinite dimensional. 

Take s S Ge, from the definition 

||-0.sj|^i = {G^s,C^s)hi = (C^C^s,s)i2 < e^llsjlls 

then 

||(P' - A)(l - < ||[P,0]s|U. + 11(1 - 0)(P - X)s\\l2 < G\H'4h^ + 

\\{P-X).s\\l2 <eil + C)\\.sh-^. 

The second chain of inequalities follows from 

(P' - A)(l - <p)s = (P - A)(l - = ([P - A, 1 - 0] - (1 - 0)(P - A))s 

= -([P,0] + (l-0)(P-A))s. 

Finally the spectral theorem for (unbounded) self adjoint operators shows that 

a-<f>)G,CXiaMP') 

with cr = A — e(l + C), r = A + e(l + C). In particular A € specA_e(P')- □ 

Corollary 4.38 — Consider two foliated manifolds X and Y (with cylindrical ends or 
bounded geometry) with holonomy invariant measures Ai, A2 and bounded geometry vector 
bundles Ei — > X and E2 — > Y. Suppose there exist compact sets Ki c X and K2 C Y such 
that outside X \ Ki and Y \ K2 are isometric with an isometry that identifyies every geometric 
structure as the bundles and the foliation with the transverse measure. If P and P' are operators 
as in Theorem [4.7, page 38| with P = P' on X\Ki ':^Y\K2 in the sense of definition OTl then 

Proof — The proof of |4.7, page 38| can be repeated word by word till the introduction of 
the element (1 — 0)Ge that can be considered as an element of EndA2(-£^2) through the fixed 
isometry. □ 

5 Analysis of the Dirac operator 

5.1 Finite dimensionality of the index problem 

Consider the leafwise Dirac operator D. This is a measurable field of unbounded first order 
differential operators {D3.}x£X- Its measurability property is easily checked observing that is 
equivalent to prove the measurability of the field of bounded operators 

{D, + i)-^ : L'iL^-E) H\L,; E). 
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Here the field of natural Sobolev spaces has the canonical structure given by inclusion into 
L"^ . Now, the self-adjointness of with domain H^{Lx; E) shows that 

{D, + i):H\L,;E)^L\L,;E) 

is a Hilbert space isomorphism. Choose two sections s, t of the domain and range respectively 
with the additional property that are smooth when restricted to each leaf then 

+ i)s{x),t{x))L'^(L^-E) = {s{x), {Dj, - i)t{x))L-^(L^.E) 

and the measurability of the right-hand side is clear. Now it remains to apply the Example 
2. in Dixmier [ST] p-157 to have that the leafwise inverse family is measurable (Borelfl. 

Since the foliation is even dimensional there is a canonical involution r = iPc{ei ■ • ■ e2p) giving 
a parallel hortonormal ±1 eigenbundles splitting E = E~^ (B E~ . Moreover the Dirac operator 
is odd with respect to this splitting. That's to say that D anticommutes with r, giving a pair 
of first order leafwise differential elliptic operators : C'^{Lx;E^) — C^(La,;i5^). We 
continue to use the same notation for their unique L-^-closure and we have D — £>+ © 
with D+ = [D-y. 

The operator Z3+ is called the chiral longitudinal Dirac operator, in general this is not a 
Breuer-Predholm operator. In fact Fredholm properties are governed by its behavior at the 
boundary i.e its restriction to the base of the cylinder dX^. In the one leaf situation D+ is 
Fredholm in the usual sense if and only if is not in the continuous spectrum of D~ or 
equivalently if the continuous spectrum has a positive lower bound. However what is still true 
in this case is that the kernels of and D~ are finite dimensional and made of smooth 
sections. The difference 

dimA Kcr£,2 (_D+) — dimAKcri2(_D^) 

is by definition the L^-chiral index of D'^ . It gives the usual fredholm index when the operator 
is Fredholm. Notice that in the non Fredholm case the index is not stable under compactly 
supported perturbations. This is one of the most difficulties in its computation. 

We are going to show that in our foliation case the chiral index problem is A-finite dimensional 
in the following sense. 

• By an application of the parametrized measurable spectral theorem the projections 
on the L^-kernels of belong to the Von Neumann algebras of the corresponding 
bundles, X{o}{E>'^) G EndA(E='=) and decompose as a Borel family of bounded operators 
{X{o}{D'^)x}x corresponding to the projections on the kernels of D^. Furthermore 
they are implemented by a Borel family of uniformly smoothing Schwartz kernels. 

• The family of projections above give rise to a longitudinal measure on the foHation. 
These measure are the local traces U i — > tri2(^^) [xjy • X{o}{D^)x ■ Xu] where for a 
Borel U C Lx the operator xu acts on L^{Lx) by multiplication. In terms of the smooth 
longitudinal Riemannian density these measures are represented by the pointwise traces 
of the leafwise Schwartz kernels. We prove that these local traces has the following 
finiteness property completely analog to the Radon property for compact foHated spaces. 

Finiteness property for local traces of projections on the kernel. 

^^The example simply states that the family of the inverses of a Borel family of Hilbert space isomorphisms 
is Borel 
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Consider a leaf . This is a bounded geometry manifold with a cylindrical end dL^ x 
K"*". We claim that for every compact K C dL^ 

trL2(Lj[XifxR+ ■ X{Q}{D^)x ■ Xkxr+] < oo (22) 

Since this list of items is aimed to the definition of the index, the (rather long) proof 
of inequality l(22|) statement is postponed immediately after. We limit ourselves here to 
say that is the relevant form of elliptic regularity in our situation. 

• The integration process of a longitudinal measure against a transverse holonomy invari- 
ant measure immediately shows that the integrability condition above is sufficient to 
assure finite A-dimensionality of the LP' kernels of . Here is the proof. 

First one has to choose a complete compact transversal S and a Borel map / : X — > S 
that respects the leaf equivalence relation displaying X as measure-theoretically fibering 
over S. Thanks to our assuptions on the foliation we can choose S composed by two 
pieces and S2 where Si = OXq x {0} on the cylinder while S2 is an interior transversal. 
Since we are working in the Borel world we can surely think that / restricts to U with 
values on 5*1 and outside U with values on 5*2. Now the integral has two terms. The first 
integral, on Si is finite thanks to the finiteness property above in fact the situation here 
is a fibered integral of a standard Radon measure on the base times a finite measure. 
The interior term is finite thanks to proposition 4.22 in |65j . 

Definition 5.39 — Define the chiral A-L^ndex 

Indi2,A(Z?+) := trA(x{o}(^+)) - trA(x{o}(^")) e R. 



Proof of finiteness property of tlie local trace of kernel projections 

Proof — It is clear that it suffices to prove the property for each operator {■)\d^xR+X{o}{Dx)- 
Let us consider the operator Z5+ on a fixed leaf L^- This is a bounded geometry manifold 
with a cylindrical end dL^ x M+ = {y ^ : r{y) > 1} where the operator can be written 
in the form B + d/dt acting on sections of F — > dL^ x R+. The boundary operator B is 
essentially selfadjoint on L?{dLx]F) on the complete manifold dL^ (see [25 and [23l for a 
proof of self-adjointness using finite propagation speed tecniques). 

We are going to remind the Browder-Garding type generalized eigenfunction expansion for B 
(see [30] 11, 300-307, [32] and [76] for an application to a A.P.S foliated and Galois covering 
index problems). 

According to Browder-Garding there exist 

1. A sequence of smooth sectional maps ej : M x dL^ — > F i.e. Cj is measurable and for 
every A G R, ej(A, •) is a smooth section of F over dL^ such that Bej{X,x) = Xej{X,x). 

2. A sequence of measures fij on M such that the map V : C^{dLx;F) — > 0^ L^(M, fij) 
defined by {Vs)j{X) = (s, ej(A, ■))L^(dL^) (integration w.r.t Riemannian density) extends 
to an Hilbert space isometry 

V : L^{dL^;F) -^^L\R,^i,) Kb 
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which intertwines Borel spectral functions f{B) with the operator defined by multiplica- 
tion by /(A) with domain given by dom/(B) = {s : /r |/(A)|2|(Fs),(A)|2dAij(A) < 

oo >. In particular beying an isometry means / \s{x)\'^dg = / \{Vs)j\'^diJj{X). 

Notice that ej{X, •) need not be square integrable on L^. Taking tensor product with L^(R) 
we have the isomorphism 

L^{dL^ X R+,F) ~ L^idL^, F) ® L^{R) ^ [®jL^{R, n^)] ® L^{R+) =nB® i^(K+) (23) 

where i?+ = (0,oo)r. Under the identification W := V ®\A the operator is sent into 
\ + dr acting on the space T-Lb ® L'^iR'^). Now let s be an L^-solution of D^s ~ 0. By 
elliptic regularity it restricts to the cylinder as an element s{x,r) e C°°{R'^ ,H°°{dLx\F)) n 
L'^{R+]L'^{dL^, F)) solution of {dr + B)s = then 

dr{Vs)j{\t) = dr j {s{x,r),ej{x,r))dg ^ {dr s{x,r),ej{\,x))dg (24) 
{Bs{x,r),ej{X,x))dg ^ / {s{x,r), Bej{x,r))dg 

(5Lx J 9ix 



= -A / {Bs{x,r),e,{X,x))dg = ~X{Vs),{X,r). 

JdL^ 

Equation l|24p says that all solutions of = under the representation V on the cylinder 
are zero /ij(A)-a.e. for A < for every j. Decompose, for fixed a > 

L^{dL^ X R+;F) = L^{R+;nB{[-a,a])) ® L^{R+ ,nB{R\ha,a])) (25) 

where the notation is 7is(A) for the spectral projection associated to XA- Let n<o and n>a 
respectively be the hortogonal projections corresponding to ((25l) . Let X{o}{D^) be the 
projection on the kernel, there's a composition 

:=n<„o(.)|ai^xE+°X{o}(^^) 

defined trough 

L2(L,) ^ KeTL2{D+) ^ L^{dL:, x R+) ^ L^{R+;HB{[-a, a])). (26) 

Thanks to the Browder-Garding expansion and equation l(2i|) we can see that elements ^ 
belonging to the space Il'^L'^{Lrc) are of the form 

C = X(o,oo)(A)e-^*Co (27) 

with (^0 = Coj" G H°°{dLr \F) to be univocally determined using boundary conditions. Formula 
((27|) allows to definqlj the "boundary datas" mapping 

BD :n'^L2(i,;F) ^7^B((0,a]) 
W^"'(X(o,a](A)Coe-^*) ^ W-\x(o,a]i^)Co) 



this is clearly inspired by Melrose definition [62] Chapter 6 
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This is continuous and injective in fact injectivity is obvious while continuity follows at once 
from 



J JRJO J J[-a.a]JO 

^ E / r e-^^'lCom^ dtdfijiX) = l/(2a) ^ / |x[-a,a]Co,(A)pdA^,(A) 

J J[-a,a]JO ^- JK 

= l/(2a)||X[-a,a]Co||'HB- 

Now choose an orthonormal basis s„i = /,„ (X) .gm € (c^ia; x , F) and a compact set of the 
boundary A C dLx, then put x^iQ — XAx(o,oo)(a^, '')• Consider the operator x^nn^x^n acting 
on L?[Lx]F), now notice that If" acts on via the natural embedding L^{dLx) C L^{Lx) 
then 

Write BDp^XAnSm] = W^'Mx(o,a] (A)Cr'] hence [H'^x^ns™] = X{o,a]WCo""^ e-^* . By conti- 
nuity of BD the sequence X(o,a]Co™'' is bounded. Then (|28|) becomes 

= E(m<.lWCo"^^"'*:mXAn^m)) (29) 
= E/ / X(o,a](A)Cr^e-^*|ty(xAns„)|dA*(A)dt (30) 
where /i is the direct sum of the ^j's. 

Last term of (f29| can be estimated using Cauchy-Schwartz inequality and the trivial identity 

WixAOSm)WixAafm'» gm) = V (xAix) fmix))g,nit) . 



E / / X(o,a](A)Cr'e-^'-|t.(x^ns„)|rfM(A)dr 

<E{/ / l.9™MPlcrprfMA)*y^'. 

^ Jr+ JRxN 
•| / / X(o,a]e-'^'-"^inXA/™)pdM(A)dr| 

^E^l/ X(0,a]|V^(XA/,n)Pd/i(A)dr| 



1/2 

\;(o,a]l^(XA/m)rd/i(A)cfr [• 

'RxN 

C^||XAHB((0,a])XA/,n|U 



< CY,{XAnB{{0,a])xAfrn, U 

m 

= Ctr(xAHB((0,a])xA) <cx). 

In the last step we used the fact that for a projection on a closed subspace K one can compute 
its trace as, tr(iir) = J2mi^fm, fm) = J2m together with the fact that Hs((0, a]) is a 

spectral projection of B hence uniformly smoothing. Let us now pass to examine the operator 

IIq := n>Qo(-)|ai^xR+ ° X{o}(^J) 
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defined by 

L^{L^) ^ KcTL2{D+) ^ L'^idL^ x M+) ^ L'^{R+; Hb(]R \ [-a, a])). (31) 



arising from the second addendum of the splitting l|25l) . Let tpk be the characteristic function 
of r < fc and 

Ak := o (^fc o (•)|a,xR+ o X{0}(£'^)- 

Now 

||(n, - Afc)ell = ||n>a((/Jfe - l)(-)|aL.xR+X{0}(^^KIU^(aL.xK+) (32) 

/ e-'^nCo|'dMA)dt < 6-2-'= / re-2^nCo|'rfM(A)dr 

fe J(a,oo)xN J(a,oo)xNJO 
< e-2''''||^||L2(aL^xR+)- 

Finally choose a compact A C cJix, estimate l(32|) shows that Sk ■= XA^^kXA^ converges 
uniformly to XA'^^aXA^ ■ Observe that Sk is compact by Rellich theorem and regularity the- 
ory in fact nKer(T+) is obtained by functional calculus from a rapid Borel function hence 
has a uniformly smoothing Schwartz-kernel (see the appendix for more informations). Since 
Xa>^ ^k^>a^Ker(T+)XA>^ IS norm-fimit of compact operators is compact but a compact pro- 
jection is finite rank. □ 

5.2 Breuer-Fredholm perturbation 

Our main application of the splitting principle is the construction of a A-Breuer Fredholm 
perturbation of the leafwise Dirac operator. We recall some some notations; 

Xk ■■= Xo U (Ao X [0, fc]) , Zk = dXo X [k, CX3). 

dXo 

Let be a smooth function satisfying 6 = 9{r) = r on Zi while 9{r) = on X1/2, put 
6 ~ dO/dr. Let := xit {D-'^'') for 1^ '■= (— e, 0) U (0, e). Our perturbation will be the leafwise 

operator 

:= £) + ^0(w- ZJ-^^n,) for e > 0, ugM (33) 

that is Z2 odd as D. We write D^ u = D'^^ and D^_u,x for its restriction to L^, also 
for brevity D^ q D^. 

Notice that the perturbed boundary operator is 

D^l = D^^{1 - n,) + M = d3 + (34) 

Since for e > 0, is an isolated point in the spectrum of ZJf^Q we sej^ that ZJf^g is invertible 
for < |u| < e. For further application let us compute the essential spectrum of where 

B,^u = D + n{u- D^^U,) 



^*this is a simple application of the functional calculus; if the spectrum of the boundary operator D^q has 
an hole of around the zero then for < \u\ < e also the operator -Of^^J = Df^ + u has an hole around the zero 
and is inverted by spectral its function under /(A) := X{~S,S)W-^^^ with some positive 5 
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on the foHated cyHnder Zq with product fohation Tg x R. Since we deal with product structure 
operators we can surely think the Von Neumann algebra becomes EndAo iE)®B{L'^(R.)) where 
EndAo i-^) is the Von Neumann algebra of the base i.e. the foliation induced on the transversal 
Xq X {0}. The integration process shows that the trace is nothing but trA = trA,, <8)tr where 
the second factor is the canonical trace on B{L^{R)). In section [TO.7.11 we will say more on 
the relation betwenn the boundary algebra and the whole algebra. We can write 

Consider the spectral measure HAo.V^ of the tranversal section Xq x {0}. We claim the 

following facts 

1. LU := inf supp(^Ao,y2) > 

2. /iA,B2 ^ (a, b) = CO, < a < b, lo < b 

3. /iA,B2 ^ (a, 6) = 0, < a < b < u. 

First of all 1. is obvious since l(34|) together with l(35|) imply 

specp5)2c [(e + u)2,oo). 

To prove 2. one first observes that we can use the Fourier transform in the cylindrical direction. 
This gives a spectral representation of as the multiplication by j/^ on L^(R). Choose some 
7 < (& — u})/2. We can prove the following inclusion for the spectral projections 

X{a,j+u.){V^) ® X(0,7)(-5r) C X(a,6) ) • (36) 

In fact one can also use a (leafwise) spectral representation for V as the multiplication operator 
by X. Then ((36| is reduced to prove the implication 

a < a;^ < 7 + w, < < 7 ^ a < + < 6. 

From (06]) follows 

MA,s2^_(a,5) > /iAo,v2(a,7 + w) ■ tTB{L^R)) X{o,'r){-'d^) = 00 

in fact the first factor is non zero and the second is clearly infinite. Finally the third statement 
is very similar in the proof. We have shown that 

specj^ JBIJ = [w,oo). 



Proposition 5.40 — The operator D^^ is A-Breuer-Fredholm if < \u\ < e. 



Proof — The splitting principle (actually for order 2 operators but it makes no difference) 
says that the essential spectrum is determined by the operator on the cylinder for r > 1. The 
above calculation ends the proof. □ 
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In what follows we shall investigate the relations between the Breuer-Fredholm index of the 
perturbed operator and the L^-index of the unperturbed Dirac operator. To this end we 
remark the use of weighted L^-spaces is fruitful as Melrose shows in [62] . 

Definition 5.41 — For m e M, denote e"^L^ the Borel field of Hilbert spaces (with ob- 
vious Borel structure given by e"^ • — Borel structure, {e^^ L?{Lx]E)}x where, for x <E X, 
e^^ Li^{Lx\E) is the space of distributional sections w such that e^^^u e L^{Lx;E). Analog 
definition for weighted Sobolev spaces e^^H'^ can be written. 

Notice that e^^ L^lL^; E) = L'^{Lx;E,e^^"^dg\L^) where dg is the leafwise Riemannian den- 
sity so these Hilbert fields correspond to the representation of TZ with the longitudinal measure 
X G X I — > e~^"^c?g|i^ = r* {e~'^"-^dg) (transverse function, in the language of the non com- 
mutative integration theory |26)). 

The operators D and its perturbation D^^u extend to a field of unbounded operators e"^i^ — > 
e^^L^ with domain e'^^H^. Put 

^ooS 7-2 . II ^(59 r 2 

e L,j. .= U5>oe L^. 

In what follows we will use, for brevity the following notation: dL^ ■= n {dX^ x {0}) and 

■■= dLj, X [0,cx)) 

for the cylindrical end of the leaf L^. 

For a smooth section s"^ such that Df^^.^.s'^ = we have (f^.^ ,j,)|ai^xR+('S''')|aL^xR+ = that 
can be easily seen choosing smooth r-functions (/), -0 with 4>Xo = 1, "021/4 = 1' supp(?/' C ^i/s) 
and evaluating ,,(0(1 - V)s + (j)tps) = 0]\ol,xr+- 

The isomorphism W defined in ([23l) used in the proof of finiteness property for the kernel 
projection, can be defined also as an isomorphism e"®I/^(9L^ x R+,F) ~ Hb ^ e"^L^(R+) 
in a way that solutions of Df^ ^s^ = with conditions € e°°^ n L^. can be represented as 

solutions of [±dr -I- A -f 6{r){u — Xe(A)A)]W^s* = with Xe(A) = X(-c,o)u(e,o)(A) acting as a 
multiplier on 0^ L^(M,/ij). In particular (forgetting for brevity the restriction symbol) 

=Cf (A)cxp{Tii0(r)TA[r-0(r)xe(A)]} (37) 

with suitable choosen CfW ^ -^^(Mj)- 

Proposition 5.42 — Let e > (5 > and 5' G R then 

1. i e Kei^,.eL2{D+) ^ = e-^^'^'h with h e x{D^')i-5' ,o.)Ll. 

recall that Ile^^ — X(-^c.c)~{o}{Dx")- Moreover the following identity (as fields of operators) holds 
true 



Proof — 
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1. From the representation formula ((37l) of formal solutions for u = 0, e = it remains 
C = CJ(A)e-^^ Then e"^'^^ must be square integrable hence clearly ^j{X) = hj{X) G 

X(-5',oo)Pf°)- 

The remaining are proved in a very similar way. The last statement is merely a computation. 
□ 

Solutions of Df^s^ = belonging to the space e"*L^(i^; are called L?'- extended 

solutions, in symbols Ext(£'f^). Next we study this space of solutions as x varies. 

Proposition 5.43 — For every x & X and < u < e 

1. Keri2 {D%^) = Ker.-..^^ {Ofj = Ker^^ (Of^^^J (38) 

2. Ext(i^±J = Ker,„«i. = Ker^^ (i?±±„, J. (39) 

3. Keri.(i^±JcExt(i?±J (40) 



Proof — We show only the first equality of ((38l) the others being very similar. This is a 
simple application of equation ((37|) . In fact, for u = 0, Ws"^ — CfW cxp{=FA[r — 6'(r)xe(A)]}. 
The condition of being square integrable in (]R,/ij) (g) (R^,c?r) is easily seen to be equiva- 
lent to Cj^(A) = A < e, A-a.e and Cj'W = A > — e in particular, for r > 1 Ws"^ = 
Cf iX)e'^^^X±x>eiX) then e^^s"^ € if m < e. For the reverse inclusion the proof is the 
same. For the third stament note that e"^i^ C e"^L^ for every u,v £ R with u < v then 
Keri2 C Ext. □ 

Proposition 15.431 shows that the mapping x i — > Ext{Df^) gives a Borel field of closed sub- 
spaces of . No difference in notation between the space Ext and Ker and the corresponding 
projection in the Von Neumann algebra will be done in the future. Inclusion (00]) together 
with 15.401 and the finiteness property of the L^-kernel projection says that the difference 

= dimA(Ext(i^f )) - dimA(Kcri2(i^f )) ^ trA(Ext(Z?f )) - trA(Kcri2 (I?f )) G M (41) 

is a finite number. 

Lemma 5.44 — For e > 

1. dimA/verL2(i:)f ) = lim„|o dimA if eri2 (D^=';^,J = lim,4o dimA /ireri2 (i:)^_,_„) - /i^^^, 

2. lndL2 j^{D+) = lim„|oIndA (£)+„) - /iA,e ^ limuio IndA(-De';_„) + h^^^ 



Proof — Nothing to prove here, proposition 15.431 says that the limit is constant for u 
sufficiently small, the second one in the statement follows from the first by summation. n 

Now define the extended solutions Ext(i?^) in the same way i.e. distributional solution of the 
differential operator : C^{L^; E^) — > Cf{E^;E) belonging to each weighted L -space 
with positive weights, 

Ext(L>±) = Pi KcT^^eL2{D^) = {s e C-°^{L^-E^)- D^s = 0; e'^'^s € i^y^ > g}. 
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Here we have made use of the longitudinal Riemannian density to to identify sections with 
sections with values on density and the Hermitian metric on E, in a way that one has the 
isomorphism C~°° {L^;-, E"^) ~ C'^{Lx] (iJ*)* ® r2(L^)) to simplify the notation with distri- 
butional sections of the bundle E. 

It is clear by standard eUiptic regularity that extended solutions of D"^ are smooth on each 
leaf. In fact a first order differential elliptic operator and one can construct a parametrix 
i.e. an inverse of modulo a smoothing operator i.e. an operator sending each Sobolev 
space onto each Sobolev space (of the new, weighted metric). 



Remark — By definition Ext(D='=) c e"^L^ for every m > 0, define dim*^"'(Ext) as the trace 
in EndA(e"^L^) of the projection on the closure of Ext, now we must check that under the 
natural inclusion e"^L^ C e" ^ L? if u < u' , these dimensions are preserved. This is done at 
once in fact the inclusion Ext(Z?='=) C e"^L^ ^ Ext(_D='=) C e" is bounded and extends to 
a bounded mapping 

Ext(i:»±) > Ext(L'±) 

with dense range. Now the unitary part of its polar decomposition is an unitary isomorphism 
then the A dimensions are the same by 1. in 14.71 



Definition 5.45 — The A-dimension of the space of extended solution is 



diniA Extp^^) := diniA Extpi) 

for some u > 0. 



Proposition 5.46 — 

1. lime|o diniA Kcr/^2 (D^) = diniA Keri2 

2. lim^io Indi2_A D+ = Indi2_A D+ 

3. lim£|odimAExt(Df ) = dimA Ext(i:)±) 



Proof — 

1. Let ^ e Keri2(D+^) thanks to Proposition 15.421 
from Ile,xh = we get 

meaning that Keri2(£)+^) c KerL2 (£)+). Moreover 
D+(Keri2(Z?+)) 
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Note that clearly diniA 



normality of the trace. Then the family of operators 



-,0 by the 



I Kc 



has kernel Kcr^2(D+^) and range with A dimension going to zero, 1. follows by looking 
at an hortogonal decomposition Kcri2(£)+) — Keri2(_D+) © Keri2(_D+)/Keri2(£)+). 

2. Follows immediately from 1. 

3. Consider the following commutative diagram 



Ker 




Ker, 



g±entD^a It is easily seen thanks to the representation of solutions in 



where '^f 

proposition [02] that each arrow is injective and bounded with respect to the inclusions 



Then joining together the two diagrams, 



Kergi8^2 {D 




Ker,,.+.)eL2(£'+) ^ e^-'+^^^^L^ 



Ker,..i2p+) ^ e(^+^)»L2 

and using the last column to measure dimensions one gets the inequality 

dimA Kcrgis^2 (Z)^) < diniA Kerg5e^2 (Dj") < dimA Kerg(a+e)£)^2 (D^) 
from which 3. immediately follows. 



□ 



6 Cylindrical finite propagation speed and Cheeger Gro- 
mov Taylor type estimates. 

6.1 The standard case 

A very important property of the Dirac operator on a manifold of bounded geometry X is 
finite propagation speed for the associated wave equation. Let P G UDiff^(X, uniformly 
elliptic first order (formally) self-adjoint operator. 

Definition 6.47 — The diffusion speed of P in x is the norm of the principal symbol 

sup |crpr(F)(x)| 



50 



Paolo Antonini 



(S"*) is the fibre of cosphere bundle at x). Taking the supremum on x in M one gets the 
maximal diffusion speed c = c{P). 

We say that an operator has finite propagation speed if its maximal diffusion speed is finite. 



Remark — A (generalized) Dirac operator associated to bounded geometry datas (manifold 
and Clifford structure) has finite propagation speed in fact its principal symbol is Clifford 
multiplication. 

The starting point is an application of the spectral theorem to show that for every initial 
data ^0 G C^{X,E) there is a unique solution t ^ ^(t) of the Cauchy problem for the wave 
equation associated with P, 

' d^/dt-iP^^O, 



this solution is given by the application of the one parameter group of unitaries ^ (t) = e**-^^o ■ 
By the Stone theorem the domain of P is invariant under each unitary e**^ and e'*^is bounded 
from each Sobolev space H'^ into itself. In particular the domain of P is invariant under each 
unitary e**^. 

Lemma 6.48 — For 6 suitably small and x G M, \\£,{t)\\L2B(x,9-ct) is decreasing in t. In 

particular supp(^o) C B{x, r) l=4> supp(e**-^^o) C B{x, r + ct). 



Proof — The proof is in J. Roe's book [79] Prop. 5.5 and lemma 5.1. Next we shall prove 
something similar in the cylindrical end. First one proves that for a small geodesic ball of 
radius r the function We^*^ S,vi\\L^(B(x,r-ct)) is decreasing. This is called energy estimate; then 
the second step follows easily. □ 

Finite propagation speed techniques provide us with the construction of a functional calculus ; 
a morphism of algebras 5(R) — > B{L'^{X, E)), / i — > f{P) with properties 

• Continuity, ||/(P)|| < sup|/| hence it can be extended to Co(IR), the space of continuous 
functions vanishing at infinity. 

. If f{x) = xg{x) then f{P) - Pg{P). 

• We have the representation formula in terms of the inverse Fourier transform 

f{P) = / /(t)e^*^dt/2^, (43) 
J«. 

here " is Fourier transform and the integral converges in the weak operator topology, 
namely {f{P)x,y) = J f(t){e'*P x,y)dt/2TT, for every x,y e L^{X;E). l{ X =^ this is 
just Poisson summation formula. 

The representation (03]) gives indeed further informations, as an example we recount how 
John Roe, using ideas contained in [23] used to build a pseudodifferential calculus. 
Let S"^{W} be the space of symbols of order < m on the real line i.e. smooth functions such 
that |/^(A:)| < Cfe(l + lAI)™"*"'. This is a Frechet space with best constants Ck as seminorms 
and S{R) = n5""(K)- 

Roe proves in [80] that for a bounded geometry Dirac operator D every spectral function 
f{D) with / a symbol of order < to is a uniform pseudodifferential operator of order to. The 
proof of this fact uses formula (03]) together with a convolution smoothing technique. 
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Now formula l[43|l leads us to an easy method to obtain pointwise extimates of the Schwartz 
kernel [/(i^)] for a class Schwartz function /. In fact due to the ellipticity of P, f{P) is 
a uniformly smoothing operator and [f{P)] G UC°°{X x X;F,nd{E)) (see the appendix [X]) 
here we have used the Riemannian density to remove the density coefficient in the Schwartz 
kernels. 

Proposition 6.49 — Take some section ^ e L'^{X; E) supported into a geodesic ball B{x, r) 
then the following estimate holds true 



ii/(i^)eiiL^(x-B(.,fl)) < (27r)-i/2|ieiu.(x) 



\f{s)\ds, 



where Ir := {-^—^, '—^) with the convention that /_r = if i? < r. 



(44) 



Proof — From the finite propagation speed 

supp(e**-f'^) C B{x,r + c\t\). 

From the identity l(i3l). 



\\f{PmL^(X-Bi.,B.)) 



< 



Jm 

(27r)^i/2 



L2{X-B{x,R)) 

/(5)e-^Cds 



-Ir 



Jr-Ir 



L^(X) 

's 



where Ir, 



r-R r-R 
c ' c 



) with the convention that Ir = % \{ R <r. In fact 



L^{X~B{x,R)) 



ds 



and the function s i — > W^-'^'^W l2{x~b{x.r)) 
So the point of view is the following; 



is zero if Isl < ^—^ from ll45l). 



(45) 



□ 



1. Mapping properties of f{D) will lead to pointwise estimates on the Schwartz kernel of 
f{D) [23]. More precisely; start with a compactly supported section s, suppose we can 
extimate the norm of the image ,f{D)s on a small ball B at some distance d from 
the support, then by elliptic regularity (Garding inequality) and Sobolev embeddings 
we can extimate the kernel [/(£))] pointwisely. 

2. This norm, ||/(Z))s||i2(5-) is extimated in terms the norm of the Fourier transform 
II/I|li(r)- As d increases we can cut large and large intervals around zero in M. This 
means that the relevant norm becomes !|./||Li(K-7d) where Id is an interval containing 
zero. The limit case of this phenomenon says that spectral functions made by functions 
with compactly supported Fourier transforms will produce properly supported operators 
i.e. operators whose kernel lies within a ^-neighborhood of the diagonal. For a good 
application of finite propagation speed in Foliations one can look at the paper |82) 
where is showen that spectral functions f{D) where / has compactly supported Fourier 
transform have some special properties (they belong to the C* -algebra of the foliation). 
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Estimate (|44l) is the starting point. The following proposition shows how to work out pointwise 
estimates on the kernel from this mapping properties. This is a very rough version of the ideas 
contained in [23] 

Proposition 6.50 — Let n > sufficiently small, x,y e X put 

R{x, y) := max{0, d{x, y) ~ ri} 
and n := [71/2 + I], n = dimX, /(x, y) {—R{x, y)/c, R{x, y)/c). For a Schwartz class function 

2n+l+k „ 

vLv^[/(p)](,,,) 

Proof— |V^VJ[/(P)](^„,2,„)| < Co||V^[/(P)](:ro..)llH'-+'=(i3(yo,ri/3)) where Co is the con- 
stanlEl of the Sobolev embedding H^+''{B{yo,ri/3)) — > UC''{B{yQ,ri/3)) applied to the 
function VL[/(P)] (.„,.). 

Then we have to apply the Garding inequality of P 

n-\-k 

llV^[/(-P)](i.o,»)ll-ff" + '^(B(j,o,ri/3)) <Ci^ \\^iPv[f{P)]{xo,»)\\L^{B{yo,ri/2)) 

= t^l E ll^^[/(^)^](-o..)llL^(S(.o.n/2)) 

3=0 

in fact by self adjointness Py[f{P)]{xo.*) = [f{P)P]{xo.*)- No problem here in localizing the 
Garding inequality we can choose in fact for each yo a function x supported in B{yQ,ri) 
with X\B(yo,ri/2) = 1- Then since the coefficients of P in normal coordinates are uniformly 
bounded, each [P,x] is uniformly bounded. Let ^j{y) := XB{yo.ri/2){y)^i[P' f{P)]{xo,y) the 
inequality becomes |V^V,J[/(P)](,„,,„)| < CoCi E^^^'' U,\\mx)- 
Now 

< C2||PV(P)e,IU-+ni3(.o,.V3)) < C2C3E||P^+7(P)OIU^(B(.o,r,/2)) 

4=0 

again by Sobolev embedding and Garding inequality. The choice to keep every constant is 
motivated to control their dependence in order to apply these extimates leaf by leaf. 
Finally putting everything together 

n~\-k n-\-l 

|VLV^[/(P)](.„,,„)| <CY,J2 ll^-''+V(P)llL^(B(.o.n/2)).L^(Btoo.n/.)) 
j=0 i=0 
2n+l+k 

I'if preferable one can suppose B{yo,ri) a geodesic ball and multiply by a cut off ip supported within 
distance ri/3 from yo and use the global Sobolev embedding. In that case the constant depends on ip but 
using normal coordinates (fi can be used well for each yo 



<CiP,l,k,n) V / 



ds. 



(46) 
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□ 



For the heat kernel [/(P)] = [e"*^ ] when f{x) ^ e"*^ , /(s) = {21)-^/"^ e""' 

1 



(2i)i/2(4i)'^V2 
C{k) 



((40^/2) 



t{k+l)/2 «V(4i)l/2, 

where Hk is the k-th Hermite polynomial. Then using the simple inequalities 

e-'^dx < e""', y^e^y' < ( V^^ a,s,u,ye M+, 

\2ae/ 

! /"OO 

V'e-y^dy ^ / y''e-''y%r^'^-''>y'dy < C{s, e)e-^^-'^''' 



with R = R{x, y) and t] — 2n + I + k 



(f4t)i/2) 



< 



____ /* 

Cy^t-^/^ \Hj{x)\e-''' dx 



j=m 

ri+rn „oo 



A+m 



j72 



j=rn 



^1 c(fc,;,m,p)r'"/2e-^'/6c^*, t>r^ 



There's also a relative version of Proposition 16.501 in which two differential , formally self- 
adjoint uniformly elliptic operators Pi and P2 are considered. More precisely relative means 
that Pi acts on Ei — > Xi and P2 acts on E2 — > X2 with open sets Ux d Xx, U2 C X2 and 
isometrics ip, $ 



El 



\Ui 



■ E- 



■2|C/2 



making possible to identify Pi with P2 upon U ~ Ui ~ U2 i.e. 

$(Pis) = P2($s), .seC^{Ux;Ex) 

where <i> is again used to denote the mapping induced on sections 

^ : C^{Ux;Ex) ^ Cr(C/2;i?2), i<fs)iy) := 

Thanks to the identification one calls P = Pi — P2 over U. Then the relative version of the 
estimate l(i6|) is contained in the following proposition. 



54 



Paolo Antonini 



Proposition 6.51 — Choose r2 > and let x,y be in U. Set 



Q{x,y) -.^ ma.x{mm{d{x,dU);d{y,dU)} ~ r2;0}, J{x,y) := 



-Q{x,y) Q{x,y) 



For/e 



2n+l+k „ 

|vi,v^([/(Pi)]-[/(P2)])(..,)|<c(Pi,fc,;,r2) / 



More precisely the reason of the dependence of the constant only to Pi is that it depends upon 
Pi|[/ where the operators coincide. 



Proof — This is very similar to the proof ofO Choose xq, yo € U then 

(48) 

n--\-k 

< ||Vi([P//(Pi)] - [P|/(P2)])(.o,.)||l^(S(,o,.,/2)). 

Where the first step is Sobolev embedding — ■> U C*^, again no problem in reducing the 
Sobolev norm to be computed on the ball B{yo,r2/3) in fact one can suppose r2 is smaller 
than the injectivity radius and build a cut off function x- The Sobolev embedding is applied 
then to the section xVj;[/(Pi) — /(P2)] and the resulting constant C will be depending also 
on X but uniform geometry assumption makes x universal in that can be used on each normal 
coordinate. For example for the Sobolev order one the argument one applies is 

\\^yXt\\H^ < ll(VyX)i||L^ + Wx^yth- < D{x, l)\\t\\ m iBiyo,r,/3)) 

if X is supported in B{yo, f2/3). 

The second step is Carding inequality of Pi and P2 together with the fact that they 
coincide on Ui . The same argument with a cut off function X2 also works well with Carding 
inequality. Let £,j{y) := XB{yo,r2/2) 

(y)Vi{[Pf /(Pi)](.„,,) - [P|/(P2)] {xo,y)} then 



mhiBiy,,r,/2)) = l( (P/ / (Pi ) - P| / (P2))e, ) (^^O ) I 
<q|Pi'/(Pl)-Pi/(P2)0|| 



(49) 



n+l 



< Cj2\\P(+'f{Pi) - Pt'f{P2)\\mBi.o,r2/2) 



n+l p 

jR-.J(x,y) 

in fact for a class Schwartz function g, 

||(g(Pi)-g(P2))e,|U.(B(.o,../2)) -|(2^)-i/^ / g{s){e^'''^ ~ e'^P^)^,ds 

(2^)-i/2 



-J{xo,yo) 



L2(B(ano,r2/2)) 

(s)(e'^^i -e'"^^)e,ds 



L^B{xo,r2l2)) 
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since supp(e'^''*^j) C B{yo,r2/2 + c\s\) then e^'^^^^^ and e^'^^^^^ remain supported in U then 
e^^^^^j = e'^^^^j by the uniqueness of the solution of the Cauchy problem for the wave 
equation. □ 



Proposition 6.52 — The relative version of ((T7|) is 

for x,y £ U , d{x, dU), d{y, dU) > r2 and t e 



6.2 The cylindrical case 

In this section our manifold L will be the generic leaf of the foHation i.e. start with a manifold 
with bounded geometry Lq with boundary OLq composed of possibly infinite connected com- 
ponents and a product type Riemannian metric near the boundary. Glue an infinite cylinder 
Zq = dLo X [OjOd) with product metric and denote L := Lq UgLo Zq. Let E — > L be an 
Hermitian Clifford bundle. Every notation of section[2]is keeped on with the sHght abuse that 
Zq is the cyHnder here and in X. Recall that E^Zf, ~ F (B F. 

Definition 6.53 — We say that a first order uniformly elliptic (formally) selfadjoint operator 
T G Op^{L;E) has product structure if 

1. T restricts to Lo and Zq i.e. supp(rs) C Lo{Zq) if s is supported on Lq (Zq). 

2. T|2^Q is a uniformly elliptic differential operator. 

3. T restricts to the cylinder to have the form 

for a smooth0 mapping B : IR+ — > Op^{dLo; E) with values on the subspace of uniformly 
elliptic and selfadjoint operators. Furthermore suppose that B{r) = B \s constant for r > 2. 

However this is only a model embracing our Breuer-Fredholm perturbation of the Dirac 
operator in fact 

(-D,,„,,)|a^xR+ = cidr)dr + ^ {Ou - 9D^^n, + D^^) . (50) 

^ V ' 

B(r) 

In this sense every result from here to the end of the section has to be thought applied to 

Some words about the smoothness condition on the mapping B. Here we shall make use only of pseudod- 
ifFerential operators with uniformly bounded symbols, (almost everywhere they will be smoothing operators) 
hence the smoothness condition of the family is the usual one. In particular this is the smoothness of the family 
of operators acting on the fibers of dLo x M+ — > M+, B(t) e Opi(9Lo x {t}; E). If U is a coordinate set for 
9Lo such a family is determined by a smooth mapping p : — > ^liora^^') space of polihomogeneous 

symbols. Here smooth means that each derivative t i — ► df'u jdi)' is continuous as a mapping with values in 
the space of symbols (with the symbols topology, see [94) ) 
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Again the spectral theorem shows that for a compactly supported section € C^{L; E) there 
is a unique solution t ^ S,{t) of the Cauchy problem (|42l) for the wave equation associated 
with T. This solution is given by the appHcation of the wave one parameter group e**^ with 
the same properties written above in the standard case. 

Proposition 6.54 — Cylindrical finite propagation speed. Let U = dLo x (a, b) 

< a < 5 and B{U,l) = {x e L : d{x,U) < I}. For e Cf'{L-E) let ^(t) = e'*^Co the 
solution of the wave equation. If a < a the function \\£,{t)\\v^(B{u.a-t)) is not increasing in t. In 
particular 

supp(^o) C [/ ^ supp(e(t)) C B(U,t). 



Proof — The product structure of the operator makes us possible to repeat the standard 
proof of the energy estimates and finite propagation speed that can be found in John Roe's 
book [79]. So let us consider 



B(U,a-t) 



m\\z)dz 



< 



(U.a-t) 



\m\'{^)dz. 



dB{U,a-t) 



Since the operator T has product structure, the integration domain is a product and the 
operator B{t) is selfadjoint on the base 



m,^mt))+mit),m)dz 



B(U,a-t) 

Here the fact that the function 



{m.ic{dr)drm) + {ic{dr)drm.m)dz. 



B{U,a-t) 



;if^S(r)^(i)|gij,x{r}, CW|aLox{r}> + W |9Lo X {r} , W ISLo X {r} ) ) {x)dx 



is identically zero by the self-adjointness of B has been used. Note that C(0|aiox{r} is in the 
domain of B{r) by the theorem (however it is certainly true for operators in the form of our 
perturbation l(50|) ). Finally 



^ll^(0lli2(B(;7,Q-t)) 



< 



[U.a-t) 



{{m,Hdr)drm) + {ic{dr)drm.^c{dr)drm){z) 



dz 



L 



dB(U,a-t) 



B(U,a-t) 



dr{m,<dr)m){z)dz 



dB(U,a-t) 



□ 



As a notation for a subset H £ L and i > put H *t := B{H, t) U OLq x (a~t,j3 + t) where 
a := inf{r(2;) : z £ H C] Zq} and /3 := max{r(z) : z £ H C] Zq} in other words H * t is the set 
of points at distance t from H in the cyHndrical direction. 

It is clear from (|6.54p that the support of the solution of the wave problem satisfies 

supp(e**^e) Csupp(OH^I■ 
Then the cyHndrical basic Cheeger-Gromov-Taylor estimate similar to ijiijl is obtained in the 
following way: 
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first note that proposition 16.541 is certainly true if the propagation speed is c, for a section ^ 
supported into a ball B{x, tq) and / G S(M.) let Ir :— (— (i? — ro)/c, {R — ro)/c) ii R > ro and 
= if r < i? then, 



< 



(27r)- 



-1/2 



-Ir 



-Ir 



(51) 



(52) 



since suppe'"^^ n (L - B * i?) = for \t\ < (i? - ro)/c. 



Proposition 6.55 — Choose two points on the cylinder zi = {xi, si) and Z2 = [x2, S2) with 

\si - S2I + ri \si - S2I - ri^ 



Si> ri, \si - S2I > 2ri, put /(zi, Z2) 



c 

2fi+i+fe 



then for / G 5(M), 



|vi,v^j/(p)](,,.,,)|<c(p,;,fc) ^ / |/(s)«|ds 

,=0 •'R-i{^i,^2) 



with n [n/2 + 1] 



Proof — 

Imitate the proof of 16. 501 till the estimate 

|vLv^-[/(p)](.,,)| <c^lie,||L^(L) 

where := Xi3(y,ri=2)V^[PV(^')](r,.) and a:;,y e P . 

There is a subtle point we need to reckle, it is when one let P^ act on [f{P)](x.t}- This is 
perfectly granted by the smoothing properties of /(P) in fact, let the bundle be P x M and 
identify distributions with functions through the Riemannian density. The operator /(P) 
extends to and operator from compactly supported distributions to distributions (actually 
takes values on smooth functions). Consider the family of Dirac masses Sy{-) concentrated at 
y, first note that 

[fiP)h,v) = (/(P)<5,(-))(x) (53) 

in fact by selfadjointness 

{f{P)Sy,s) = {SyJiP)s) = J [/(P)](,,,)i(z)rfZ, 

that's to say ((53l) . Now the Sobolev embedding theorem says that Sy £ H^{X) with k < ~n/2 
with norms uniformly (in y) bounded. Since /(P) maps every Sobolev space into each other 
Sobolev space, every section [/(P)](x,.) (and the symmetric one by selfadjointness) is in the 
domain of P^ . 
Again 

Uj\\h{L) \\XB{v,ri/2)'^i[P^ f{P)]{x,,)\\l2(^B{y,ri/2)) 

= |ViPV(P)e,(a;)| < C\\P'f{P)mH-^'Bix,r,/3) 
n+l 

<Cj2\\P'f{PMmBix,r,/2))- (54) 

4=0 
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It's time to move on to the cylindrical end, so let x = {x2, S2), y = {xi, si) with Si > ri and 
|si — S2I > 2ri, then last term in l|54p can be estimated by 



n+l 

Y.\\p'^'f{P)^j\\mv) 

1=0 

with V = L — B{y, ri/2) * c{\si — S2I — ''i)/2 so we can conclude by appHcation of l(52|) . □ 



Corollary 6.56 — With the notations of the proposition above 

1. If |si " S2I > 2ri, Sj > ri 

{\si-s,\-nf 

|Vl,V^jP™e-*^'](,,,.,)|<C(fc,;,m,P)e 6t (55) 

2. Let ipi.'ip2 compactly supported with supports at r-distance d on the cylinder, then for the 
operator norm and t > 

llTAiF^e-'^Vall <C(m>i>2)e-'''/^*. (56) 

3. The relative version of ((o5|) is 

|Vi,V^jP™e-*-P' -r"e-*^'](^^,;,,)| < C(/c,;,m,P)e^-(™''{"i'''=}-''^)'/^*}. (57) 



Proof — The second statement follows immediately from the first one while the third can 
be proven exactly in the way proposition [93] is proven. □ 



7 The eta invariant 

7.1 The classical eta invariant 

The eta invariant of Atiyah Patodi and Singer appears for the first time in the following 
theorem that we write in the cylindrical case. 

Theorem 7.56 — Let X a compact manifold with boundary Y and product type metric 
on a collar Y x [0,1], attach an infinite cylinder Y x [— oo,0] to get the elongated manifold 
X -.^ X UY X [-00,0]. Let D : C°°{X;E) — > C°°{X;F) a first order differential elliptic 
operator with product structure near the boundary i.e. 

D = (T{du + A) 

where crE^y — > F\yE is a bundle isomorphism, 9„ is the normal interior coordinate and A is the 
boundary self-adjoint elliptic operator. Then the operator D extends to sections of the bundles 
extended to X and has a finite index i.e the space of P^ solutions of the equations Ds = 
and D*s = are finite dimensional and 

ind{D) = dim^.(^ ^)(P) - dim^.(^ ^)(P*) ^ [ a,{x)dx - ^(0)/2 - ~ 



X 



where 
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1. hryo{E) is the dimension of the space of limiting values of the extended solutions. More 
precisely one says that s is an extended solution of the equation Ds — with limiting 
value Soo if s is locally square integrable and for large u < 

s{y, u) = g{y, u) + Soo(2/), s^{y) e Ker(^). 

Similar definition for hao{F). 

2. ao{x) is the constant term in the asymptotic expansion as i ^ of 

tr(e-*^-^")-tr(e-^"^-)=5:e-*'^V;,(x)p-5:e-*^"|0:(-)P= (58) 

where yu', 0^ are the eigenvalues and eigenfunctions of D*D on the double of X and yu , 0^ 
are the corresponding objects for DD* . 

3. The number ?/(0), is called the spectral asymmetry or the eta invariant of A and is obtained 
as follows: 

the summation on the non negative eigenvalues of A, 

vis) :=^sign(A)|A|-^ 

converges absolutely for Re(s) >> extends to a meromorphic function on the whole s- 
plane with regular value at s = 0. Moreover if the asymptotic expansion at ([SS)) has no 
negative powers of t then 7/(,s) is holomorphic for Rc(s) > —1/2. That's the case of the 
Dirac operator of a Riemannian manifold. 



7.2 The foliation case 

The existence of the eta invariant for the leafwise Dirac operator on a closed fohated manifold 
was shown by Peric |70] and Ramachandran [76]. In fact they build different invariants, Peric 
works with the holonomy groupoid of the foliation and Ramachandran with the equivalence 
relation but the methods are essentially the same. So consider a compact manifold Y with a 
foHation and a longitudinal Dirac structure i.e. every geometrical structure needed to form a 
longitudinal Dirac-type operator acting on the tangentially smooth sections of the bundle S, 
D : C^{Y; S) — > {Y; S). In our index formula Y will be a transverse section of the cyHnder 
sufficiently far from the compact piece and D is the operator at infinity. Suppose also that a 
transverse holonomy invariant measure A is fixed. 

Here the first issue to solve is to pass from the summation 77(5) = J2x sign(A)|A|~* which deals 
with the discrete spectrum to a continuous spectrum and family version. The link is offered 
by the definition of Euler gamma function 

sign(A)|A|-^ = -— ^ / t^Ae-*^'dt. 
i [~) JO 

Each bounded spectral function of D belongs to the Von Neumann algebra of the foliation 
arising from the regular representation of the equivalence relation on the Borel field of 
spaces of sections of S. Replace the summation by integration w.r.t. the spectral measure of 
D (definition I4.32p and (formally) change the integration to define the eta function of D as 

sign(A)|Ar'dMi)(A) = — +T- / trA(i5e"*^')di. (59) 

-00 i V~2~-' "'0 
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We shall use also the notation 



Jk Jo 



Theorem 7.56 — (Ramachandran) The eta function i(59|) is a well defined meromorphic 

function for Rc(s) < with eventually simple poles at (dimJF— fc)/2, fc = 0, 1, 2, VAiD; s) is 

regular at and its value ri\{D;Q) is called the foliated eta invariant of D. 



Proof — Here a sketch of the proof. 
First step. For every s G C with Re(s) < the integral 



t~ tTA{De-*^ )dt (60) 

is convergent then in some sense the most important piece of the eta function is the 
integral . 

This is reminescent of the remark in the paper of Atiyah Patodi and Singer [5j where 
they define the function K{t) to be the integral on the cylinder of the difference of the 
heat kernels e"*^! - 6"*^= of D and D* , 

K{t)^ f I /^(i,y,M)dyd?/ = - Vsign(A)/2erf(|A|Vt)-t^o V flfci'^/' 

where dY is the boundary manifold of dimension n. The remark they do is that the 
asymptotic expansion is the same replacing the integral with an integral on j^^ . 

The convergence of ((60| is proven by simple estimates and the use of the spectral 
measure. In particular here, by compactness the spectral measure /iA.D is tempered i.e. 

-dfiA.D < oo 



(i + I^IO 

for some positive I. In fact this measure corresponds to a positive functional [76j 

I:S{R)^R, I{f) -tYAifiD)). 

The same is obviously true for the square = [Dp. Start with < t(Ro(s)-i)/2 < 

< i < oo then 

/OO 
|t-i/2|trA(i?e-*^')dt| 

/OO 

The last integral is equal to 



1 Jo 
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hence 

/>oo 



/•OO 








poo 








~ Jo 








-i 






poo 


^1/2 
= TT ' 


/ 

Jo 





OO 



ri/2 



trA(e ) < OO 



Second step. The examination of the finite piece 

f-i 



t—trA{De~''^ )dt (62) 

is done using the expansion of the Schwartz kernel of the leafwise operator De~*^ in fact 
one can prove that there exists a family of tangentially smooth and locally computable 
functions {^'m}m>o[lll so that the kernel Kt{x,y,n) {n the transverse parameter) of the 
leafwise bounded operator De~^^ has the asymptotic expansion 

Kt{x, x,n)^Y. n). (63) 

m>0 

Moreover ^'m — for m even. The proof is an adaptation of the classical situation, for 
example can be found in [80] and [26]. Now, thanks to the expansion l[63|) . since the 
operator De~*^ is A trace class and the trace is the integral of the Schwartz kernel 
against the transverse measure we get the corresponding expansion for the trace 

W¥) lo - E , + ^'dim^ I ^-'^^ (64) 

where / ^'mdA = h.(^rndg) i.e. is the effect of the integration of the tangential measures 
X I — > '^m\i^ X dg\i^- From (|64|) we see that the eta function has a meromorphic contin- 
uation to the whole plane with simple (at most) poles at (dim — /s)/2, fc = 0, 1, 2, .... 

Third step, regularity at the origin. 

If P = dim is even we have said that the coefficients of the development l(63|) are 
zero for m even, then the eta function is regular at 0. If p is odd the regularity at zero 
follows from a very deep result of Bismut and Freed [13]. In fact they showed that the 
ordinary Dirac operator satisfies a remarkable cancellation property, 

tr(i?e-*^') = 0(^1/2). 

Since the A-trace can be, as pointed out by Connes ([26]), locally approximated by the 
regular trace their result applies to our setting to give 

Ktix,x,n)^ y t(™~P"i)/2^'(x,n), 

7n>p+2 ' ~ 

~ almost everywhere 

and the regularity at the origin follows immediately. 

□ 



^'^in the case of the holonomy groupoid the 'I'm are locally bounded i.e. bounded on every set in the form 
of r~^K for K compact in Y 
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7.3 Eta invariant for perturbations of the Dirac operator 

Let Let us consider slightly more general operators 

1. P — D + K where K G Op"°° is leafwise uniformly smoothing obtained by functional 
calculus, K = f{D) where / is bounded Borel function supported in {—a, a). 

Start with the computation 

Qe-*Q' - Z?e-*^' = i?e-*(^+^'' + Xe-*(^+^^)' - Z^e"*^' (65) 

Jo 

= A'e-*(^+^^)' -D [' e-^(^+^')'(A'I? + DK + K^)e^'-'^''" ds. 
Jo 



The family ((65l) converges to as t ^ in the Frechet topology of kernels in Op^°° with 
uniform transverse control i.e. for kernels K{x, y, n) (n is the transverse parameter) one 
uses foliated charts to define seminorms that involve derivatives w.r.t. x, y. From fBS]) 
one gets the development 

trA(Qe-*'3') ^t^o V ^-'7^-' I ^>^dA + tTA{K)+g{t) 



m=0 



where g e C[0,oo) with g{Q) = 0. Then an asymptotic development for r]\(Q){Q)i 
as l(6i|) follows. For the non finite integral ?7a((5,0)^ no problem in carrying out the 
estimate (1611). 



2. The smooth family u i — > Qu := D + K + u. The function trA(QMe **^") is smooth ( 
same identical proof as [?]) then 

9«trA(Q„e-*«' ) = trA(Qle-*«" - iQ„(QlQ„ + g„Q'je-*'3") (66) 
= (l + 2ta0trA(Q>-*«") 

in fact Q„ = I . By integration 

duVAiQu,s)i=du — -^trA(Q„e-*«"")dt= / _-_(l + 2i90 trA(g„e-*«")dt 

Jo i I — j "'0 i I — J 

'^^trA(g:e-'3")--^ /\(-i)/2trA(Q:e"*«")dt. (67) 

Now, from = I proceed as before using the asymptotic development of the heat 
kernel ioi D + 

trA(QLe-*«" = trA(Qle-*'3" ^ ^ a^{D + ^)t('»-dim^)/2 + ^(^^ 

rn>0 

where g € C[0,oo), 17(0) = 0. We see that the integral in ((67|) admits a meromorphic 
expansion around zero in C with zero as a pole of almost first order. Then the derivative 
i9«'7a((5«, s)i is holomorphic around zero. The identity 

duRcsis=oriA{Qu,s)i = RcS|s=o5„ryA((9u, s)i = 

says that ReS|s^o VAiQu, s)i is constant in u then the function 'r]A{Qu, s)i is holomorphic 
at zero since ?7a(Qo, s)i is holomorphic in 0. 



^*(Z) + n)^ is a generalized Laplacian 
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3. Families in the form Qu = D + u + IID for a spectral projection 11 = X{-a,a){D). 

Proposition 7.57 — The eta invariant for Qu exists and satisfies 

»7a((3u) - LIM^^o / ^T7^trA(g„e-*«i)dt+ / ^-7777 trA(Q„e-*Q")c^i 
Js 7(1/^) Ji 7(,1/^) 

where LIM is the constant term in the asimptotic development in powers of 5 as t ^ 0. 
Moreover for every m S R and a > 0, 

a. ?7a(Qu) - iuiQo) = sign(w)trA(n) 

b. ?/a(Oo) - l/2r/A(Q«) + l/2?7A(0-n) 

c. |?7A(i?)-r;A(Qo)| = k?A(ni?)| < AiA,D((-a,a)). 



Proof — The first statement can be proved as above, a. using the spectral measure we 
have to compute the difference 

hx + u- xa;)e-*(^+"-'^^)'dAiA,i3(x) 



r(i/2) 

dt 



r(l/2) 

where x — X(-a.a)ix)- Split the integral on M into two pieces, |a;| > a and < a. 
First case |a;| > a changing the integration order the first integral is 

r(l/2)-i f r {x + u)t-^/^e-'^^+''^' dtdfiAMix) 

J\x\>a Ja 

and performing the substitution a t{x + u)^ in the second we see that the difference is 
zero. 

Second case \x\ < a, the second integral is zero, the first 

" V ' 

= sign(it) trA(n). 

b. and c. follows easily from a. □ 



8 The index formula 

First we introduce the supertrace notation. Since the bundle E ~ © E~ is Z2-graded, 
there is a canonical Random operator r obtained by passing to the A-class of the family of 
involutions Tx : L^{Lx]E) — > L^{Lx;E) represented w.r.t. the splitting by matrices 

f IdL2(L,;i;+) \ 

V -idmL^.E-) J ■ 
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Definition 8.58 — The A-supertrace of S e EndA(_E) is strA(i3) := trA(Ti?). 

Now according to proposition 15.401 for < |m| < e the perturbed operator D^^ is A-Breuer- 
Fredholm. Consider the heat operator e"*^" "-^ on the leaf L^. This is a uniformly smoothing 
operator with a Schwartz kernel (remember that the metric trivializes densities and [•] means 
Schwartz kernel) 

It is a well know fact the convergence for t — > oo in the Frechet space of UC°° sections of 
the heat kernel to the kernel of the projection on the L^-Kernel, 

lim [e-*^-,^] = [x{o}(A,«.x)]. 

This is explained in proposition |A.19, page 108| and is a consequence of continuity of the 
functional calculus RB{R) — > t/C°°(End(E)) applied to the sequence of functions e"*^ — > 
X{o} in RB{M.). Choose cut-off functions 4>k G C^{X) such that 0fc|Xfc = 1) 4>k\z^^i — 0- The 
measurable family of bounded operators {4>ke~*^^''^-^4>k}xex gives an intertwining operator 
0fce~*-°' "(/)fc e EndK(L^(i?)) hence a random operator <j>ke~*^''"(j)k £ EndA(£^(i?)). 

Lemma 8.59 — The random operator 4>ke~^^''''4>k G EndA(i^(£')) is A-trace class. The 
following formula (iterated limit) holds true 

indA(i:'+J =strA(x{o}(A,n)) = lim lim strA(<^fce-*^' "0fe). (69) 



Proof — For the first statement there's nothing to proof, it is essentially the closed foliated 
manifold case. The local traces define a tangential measure that are C°° in the leaves direction 
while Borel and uniformely bounded (by the uniform ellipticity of the operator) and we are 
integrating against the transverse measure on a compact set. More precisely we are evaluating 
the mass of a compact set through the measure Kh where h is the longitudinal measure that 
on the leaf is given by 

A\ — > I strE„d(£;)[e"*^»'"]diagrf.9|L,, 

J A 

with strEnd(£;) the pointwise supertrace defined on the space of sections of End(£') ~> A by 

(strEndCB) l){x) := tTcnd{E^){T{x)'^{x)). 

The limit formula l(69|) is nothing but the Lebesgue dominated convergence theorem applied 
two times, first strA(x{o}(^c,ti)) = lini/t-^oo strA((/)fcX{o}(-Dc,ti)</'fc) but for fixed k one finds 
stTA{(j)kX{o}iDe.u))4'k) ~ linit^oo strA(i?!>fce~*'°=."0fc). The possibility to apply the dominated 
convergence theorem is given again by the integration process in fact as written above every 
tangential measure has smooth density w.r.t to the Riemannian metric and convergence is 
within the Frechet topology of C°° functions. 

□ 

Now, Duhamel formula d/dtstT\{(j)ke~'^^''"4>k) = — strA(0feI^^_„e~*^'"(/)fc) integrated be- 
tween s and oo leads to the identity 

/oo 
stiA{<j)kDl^e-'^'.^(l)k)dt. 
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Note that the right-hand side is independent from s > 0. Then 



indA(D+„) = lim 



(70) 



Split the integral into 



Js ' JVk 

Make the following definitions 

ao{k, s) = strA(./)fee-^^' "(/.fc), /3o(fc, s) = /f strA(0fei^2 „e-*^-(/.fc)di 

^oi(fc, s) = /,^strA(<^fci?2„g-tD,^,„^^)^^^ s) = /;|strA(0fei?2„e-*^-.^fc)di 

Then /3o(fc, s) = Poi{k, s) + Po2{k, s) and 

indA(i:'+„) = lim [ao(fc, s) - /3o(fc, s)] = [ao(fc, s) - /3oi(fc, s) - /3o2(fc, s)]. (71) 

k — ^oo 



Let us start with /?( 



'DI- 



LEMMA 8.60 — Let r]A{Df:^) be the Ramachandran eta-invariant for the perturbed operator 
Df° on the foliation at the infinity. Then the following limit formula is true 

lim LIM,^o/3oi(fc,s) = lim LIM.^o / strA(0fc-D,\e-*^=."0fc)ds, = l/277A(^f2) 

A; — ^oo A; — ^oo J ^ ' ' 

where as usual hlMg^o gis) is the constant term in the expansion of g{s) in powers of s near 
zero. 



Proof — The integrand can be written as follows 

strA((/)fci?,',„e-*^'"(/)fc) =l/2strA(0fc[i5.,„,Z?.,„e-*^'"]</)fc) (72) 
= l/2strA([-De,^<,</'fe£'e,.e-*^'"0fe] - [D,,„>^]De,„e-*^-) (73) 
=.l/2strA(-[i?e,«,0l]£'.,«e-*^'") 

= -l/2strA(c(9,)9,(0^)A,„e-*^'"). 

In the next we shall use the notation [a, b] := ab — ( — l)l''l l''l6a for the Lie-superbrackell^ on 
the Lie-superalgebra of C-linear endomorphisms of L'^{X, E^®E^) while, when the standard 
bracket is needed we write [a, h]o := ab — ba. notice that 

[a,ab] = [a,a]6+ (-l)l"l-l'»la[Q,,6]. 
Remember the definition of „, in the cylinder it can be written 

D,,u = D + m{u - Dfl) = c{dr)dr + Q 



everything we say about super-algebras can be found in |10) 



66 



Paolo Antonini 



with the Chfford multiphcation c{dr) = ^ ^ ) ^^"^ ^ M"*" -invariant in fact acts on 
the transverse section. The next identities are also useful 

DZ^\ ._/e-^=:"^^" \ 

D+u J' [ e-*^.""^- J ' 

n- p-tDt^D-^^ _ p-tD:^D+^ p.- r)+ p-tD- D+ _ „-tDt D- r)+ 

These are nothing but a rephrasing of the identity 

granted by the spectral theorem. Now it's time to use the Cheeger-Gromov-Taylor relative 
estimates. Consider the leafwise operator 

:= c{dr)dr + n{u - DfZ) (74) 

on the infinite foliated cylinder (in both directions) Y = dX^ x M with the product foliation 
J^Q X R. Choose some point zq = {xo,r) on the cyHnder. Estimate l(57|) says that we can 
compare the two kernels at the diagonal leaf by leaf for large r and this estimate is uniform 
on the leaves, 

||[i^..n,.oe-*^--o] - [5e.n,.oe"*^---]||(.,.) < Ce"('^-^^)'/(«) (75) 

for z = {x,r) £ LzQ. From l(75|) . since the derivatives of 4>k are supported on the cylindrical 
portion Z^+^ = dXa x [fc, A: + 1], 

\sivA{c{dr)dr(j)lD^ue^^'^'-") -s\.iA{c{dr)dr<i)lS^ue~^'^'-")\dt^ / / e{z,t)dAgdt 

where Ag is the coupling of A with the tangential Riemannian measure and 6(z,r) is the 
function 

e(z,r) ||c(a,)a,(/)2[2?,„,e-*^-- -5,,„,,e-<--]||(,,,). 

Let Tfe be a transversal of the foHation Tk induced on the sHce {r ~ k} then 7^ is also 
transversal for T (since the boundary foliation has the same codimension of T) . The trans- 
verse measure A defines also a transverse measure on the boundary foHation. Then the 
foliation ^i^^^+i is fibering on 7^ as in the diagram dT x [k,k + 1] — > 7^. Use this fi- 

I k 

bration to disintegrate the measure Ag. This is splitted into dKg x dr where Kq is the 
measure obtained applying the integration process of A (restricted to Tk ) to the g\d. In 
local coordinates (r, xi, a;2p_i) x (x2p, a;„) the transversal is decomposed into pieces 
Tk = {(fc ,x\, ...,X2p_i)} X {{x2p, ...,x„)} and we are taking integrals 

/ / Q{r,xi, ...,X2p-i,X2p, ...,Xn)dr dxi ■ ■ ■ dx2p~idK{x2p, ■.,Xn) (76) 

JTky.{xi_,...,X2p-i} J[k,k+1] ^ V ' 

this is dhg 



0(a;, r)dAgdr. 

Equation (fTS)) can be taken as a definition of a notation that will be used next. Notice that 
jjr^ contains a slight abuse of notation, in fact to follow rigorously the integration recipe one 
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should write Jgxgx{k}- prefer the first to stress the fact that we are spUtting w.r.t the 
foliation induced on the transversal. With this notation in mind, 



|strA(c(5,)a,0^D,,„e-*^='-) - strA(c(a,)a,0^5,,,e-*^-")Mi 
fVfe 



-tD, 



-ts: 



< c 

< c 



T,^ "'[fc,fc+l] 



\{{x,r),{x,r))drdKddt (77) 



h/Vk 

for sufficiently smalP°l s and large k. This estimate says that 

Vk 



lim LIMs^o/3oi(fc,s) = 1™ LIM,,^o / stTA{c{dr)dr(t)iS,^ue~*^''")dt. 

k — >+oo k — >+oo J ^ ' 

Now the second integral (on the cyfinder) is explicitly computable in fact the Schwartz kernel 
of the operator S'e,u,zo^ the diagonal is easily checked to be 



-ts: 



(r-sf/m 



i.e. it does not depend on the cyfindrical coordinate r. Now the pointwise supertrace on 
End(i?) is related to the trace on the positive boundary eigenbundle F via the identity (see 
the appendix on Clifford algebras) 



str^(c(9^)f7.) = -2tr^(.), 



then 



VI 



rVk fk+l 



drcgdr I -i= tr^[i?^2,.e-*(<-.)^] . ^^^^^ 



1 e-''^<'-^^^\^,ydKadt 



20 yS^~ ay foT S , U, y , a > 

2ae 
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with the same argument on the spHtting of measures as above. Finally it is clear from our 
discussion on the 77-invariant (exactly proposition 17. 57p 



lim LIMs^o/^oi(fc,s) 

k — ^00 

= lim LIM,,^o / 

□ 

Lemma 8.61 — Since D^-u. is A-Breuer-Fredholm for < |m| < e then 

lim /3o2(fc, s) = lim / sir Ai4'kD'^ u^^'^^'-^Mdt = 0. 

k — >oo k — — - ' ^ ' 



\/I 



Proof — From the very definition of the A-essential spectrum ( see also lemma HUT]) there 
exists some a = <j{u) > such that the projection IIo- = Xl-a.cr]{De,u) has finite A-trace. 
Then 

|/3o2(fc,s)|= / strA(0fci^Le~*^'"0fc)di 

JVk. 

pOO 



JVk 

+ / |strA[e-*^'"/2n^£,^^2^^^^n,e-*^-/2]|dt 

JVk. 

< / e-(*-i)"|strA(0fei?,\e-^'"<^fc)|dt+ / | strA(-D,\e-*^-n,)|dt . 

J^/k JVk 



ly/k JVk 

V ' V ' 

/3o2l(fc,s) /3o22(fc,s) 

Now the Schwartz kernel of (Z)^„e~^» ")a; is uniformly bounded in x and varies in a Borel 
fashion transversally. When forming the A-supertrace we are integrating a longitudinal mea- 
sure with C°°-density w.r.t. the longitudinal measure given by the Riemannian density. Let 
as usual Ag the measure given by the integration of the Riemannian longitudinal measure 
with the transverse measure A. If A is a uniform bound on the leafwise Schwartz kernels of 
„e~^»'"), and Tq is a complete transversal contained in the normal section of the cyHnder 
(the same in lemma [8.60p . we can extimate 

/>oo 

/3o2i(fc, s) < / A{Ag{Xo) + A{%)k)e-'^'-^^^dt ^k^oo 0. 

JVk 

For the second addendum, 

/3o22(fc,s)-/ |strA(7^,\e-*^-n,)|dt < / / x^e-'^" dnA,D^Jx)dt 

JVk ' J\/k J-a 

POO 

Jo 

<C f e-^^'d/.A,D.,„(x) < CfiA,D^Jx){[-a,a]) ^k-.oo 

J — a- 
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since the A-essential spectrum of D^^u has a gap around zero and the normahty property of 
the trace. □ 



It is time to update equation (|7T1) . 

lim [ao{k, s) 

k — ^oo 

lim LIM,_o ao(fc, s) - 1/277a(-D^2). (78) 



indA(-De+„) = lim [ao{k, s) - (3o{k, s)] = lim [Q;o(fc, s) - Poiik, s) - Po2{k, s)] 

' k — ^oo k — »oo 



k- 



Lemma 8.62 — There exists a function g{u) with limu^o g{u) = such that for < e < u, 

lim LIM,_oao(fc,s) = Hm LIM.^o strA(0fce-^^' -0^) = Ch(E/S), Ca) + 

k — >oo k — >oo 

Here the leafwise characteristic form A{X) Ch(E/S) is supported on Xo, in particular it belongs 
to the domain of the Ruelle-Sullivan current Ca associated to the transverse measure A. 

Proof — This is the investigation of the behavior of the local supertrace of the family of 
the leafwise heat kernels 

str^[e^^^-]|diag 

on the leafwise diagonals. We can do it dividing into three separate cases 

1. For z & Xq everything goes as in the classical computation by Gilkey [S^ and Atiyah 
Bott and Patodi [3] 

LIM,_o str^[e"^^' = A{X, V) Gh{E/S, V)(x), 
where dgz is the Riemannian density on the leaf Lz . 

2. In the middle, z G dXo x [0,4] there's the cause of the presence of the defect function 
g{u), more precisely we show that the asymptotic development of the local supertrace 
is the same for the comparison operator 5*0, « defined above 

with coefficients aj{So_u) smoothly depending on u satisfying aj(5'o,u) = for j < 
dimJ^/2 

3. Away from the base of the cylinder z = (y, r) e Z ?- > 4 we find 

](,,,,) = 0. 

Below the proofs of these facts. 

1. We can consider the doubled manifold 2X0 so that we can apply the relative estimate of 
type Cheeger-Gromov-Taylor in the non-cylindrical case (the perturbation starts from 
the cylinder) i.e. proposition 16.521 shows that the two Schwartz kernels of the Dirac 
operator and the perturbed operator have the same development as t ^ 0, 

||[e-*^?,„_e-*^^](_)||<ife-"/(«). 

And the local computation of Atiyah Bott and Patodi, or the Getzler rescahng ([62].[33]) 
can be performed as in the classical situation. 
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2. We are going to use an argument of comparison with the leafwise operator 

S,^u ■■= c{dr)dr + VL{D^^ + e{u - Il,D^^)) 

on the infinite cylinder dXo x M equipped with the product foliation x M. Notice that, 
due to the presence of 9 this is a sHghtly different form of the operator ijTil) . Choose 
some function Vi supported in dXo x [—1,5] and V'i|axox[o,4] = 1- The first fact we 
show is 

limstrA(V'i(e"''^"' - e~"'^".")V'i) = 0. 
Now, S'e,„ = So,u - nU,D^^ = c{dr)dr + H with H = f^D-^^ + f7^u hence 

^'u - sl^ = - [So,u, iien^D^^] + {neu.D^-'^f (79) 

Apply the Duhamel formula 

= I strA(^ie-^^o>"e-(^-*)^-^i)(5^,) - strA(Vie-'^«-e-(^-^)^' "^i)(5^o) | 
Jo 

Again from the Cheeger-Gromov relative estimates i(56|) 

|trA(Vie-'^"n,Vi)| <Cr'/' 

with the constants independent from |m| < e. Then the integral of the supertrace fTO]) 
can be estimated by the function of s, h{s) = C J^{s — S)~^^'^S~^^'^dS — >s^o 0. . 

To see this first split the integral into J^^'^ + J^^^ to prove finiteness then use the 
absolutely continuity of the integral for convergence to zero. Now from the limit 



linis^o strA(V'i(e * ' " — e ^ = and the comparison argument we get that 

the asymptotic expansion for s ^ of strA(0fee~'*^''"'^''') is the same of the comparison 
operator 

So,u ^ c{dr)dr + no^'' +^ {hin ^ 

]j bounded perturbation 

on the infinite cylinder. This is a very simple u-family of generalized laplacians (see 
[To] Chapter 2.7) and the Duhamel formula 



-tsf, 



-tsf, 



e - e 
shows what is written in the statement i.e 



where the coefficients aj{So^u) depend smoothly on u and satisfy (5*0,11) = for j < 
dim J^/2 since 5*0,0 is the Cylindrical Dirac operator. One can take for the definition of 

9, 

dimjr/2 



9iu) 



E 



aXox[0,4] 



a,(5o,„)(,)s(^'-^™^)/2^Ag 
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3. This is done again by comparison with Se,u consider the r-depending family of tangential 
tangential measures {y,r) € OXq x [a,b] i — > str^ e"^^' " '^ ''' dxdr where x G L^^y^r), 

once coupled with dA gives a measure on X i^l := str^ e^'^^^ '^-^^ '^^dxdr ■ dA. The Fubini 
theorem can certainly used during the integration process to find out that the mass 
of n can be computed integrating first the r-depending tangential measures y i — > 
str^ e~^^''"'<"''^>dy against A on the foliation at infinity {dXo,Ta) then the resulting 
function of r on [a,b], 

LIM,_o / dAi = LIM,^o/ / stT'^{[e-'^'."])(^y^r).{y.r))dydAdx 

JaXoxla,b] J a J dXo 

= LIM.^o strA(e-^(^-'') = 

in fact the boundary operator Df^ is invertible and the well-known Mc-Kean-Singer 
formula for foliations on compact ambient manifolds (formula (7.39) in [65]) says that 

ind\{Dfjj^) ~ strA e~'*(^''"^^ independently from s. 

□ 

Finally (178]) becomes 

■md^iD+J = (AiX) CHE/S), Ca) - l/2r/A«2) + (80) 



Theorem 8.62 — The Dirac operator has finite dimensional — A-index and the following 
formula holds 

indi.,A(i^+) = {A{X) Ch{E/S), [Ca]) + l/2[,u{D^n - hj, + h^] (81) 

where 

:= dimA(Ext(D±) - dimA(Kcri2(i:)±) (82) 

with the dimension of the space of extended solutions as defined in the definition 15.451 after the 
remark i.e. 

diniA Ext{D^) diniA Ext{D±) 
independently from small u > 0. 

Proof — Start from 

mdL2,AiDt) = liml/2{indA(i?,+J + indA(i?+_J + h^^^ - h+J, (83) 

here /ij^ = dimA(Ext(£>f )) — dimA(Kcri2 (_Df )) for now proposition 15.431 savs that 

Ext(D±) ^ Kcri2(I?±±) ^ Ker,„.i2(i^±). 
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Use the identity indA(i:>+„) = {A(x) G}i{E/S), [Ca]) + l/2i^f^{Dfg) + g{u) into dM]), 

indi2,A(i?+) = lim l/2f 2(i(X) Ch(i?/5), [Ca]) +hl^-hl^+ g{u) + g(-ti) (84) 

+ll2in^{Dli) + l/277A(<i J I 
' " 

Vkiof'') by proposition 17.571 

=(i(X) Gh{E/S), [Ca]) + ^'^-^ ^ ^^'^ + 

It remains to pass to the e-hmit remembering that: 

• linicio indi2 a(£'c'") = indi2 a(£'^) (Proposition 15. 46p . 

• limejo '^A c ^ ''-A e ~ ^ (again proposition 15. 46p 

• lim,4o'?A(£'f'') = ??a(£''^'') (proposition iLlll). 

□ 



9 Comparison with Ramachandran index formula 

The Ramachandran index formula [76] stands into index theory for foliations exactly as the 
Atiyah-Patodi-Singer formula stays in the classical theory. Our formula is in some sense the 
cylindrical point of view of this formula. In this section we prove that the two formulas are 
compatible and we do it exactly in the way it is done for the single leaf case by APS. First 
we recall the Ramachandran Theorem 

9.1 The Ramachandran index 

Since we have chosen an opposite orientation for the boundary foliation the Ramachandran 
index formula here written differs from the original in [76] exactly for its sign (as in section 
[3] for the APS formula). So let us consider the Dirac operator builded in section [2] but acting 
only on the foliation restricted to the compact manifold with boundary Xq. To be precise with 
notation let us call Tq the foliation restricted to Xq with leaves {i^ja;, equivalence relation 
TZq and Z?'^" the Dirac operator acting on the field of Hilbert spaces {i^(L°; £')}^gXo • Near 
the boundary 

D^^ \ _ ( -dr + \ 

D^o ) ^\dr + D^^ J 

with the boundary operator D-'^'^ . Let us consider the field of APS boundary conditions 

acting on the boundary foliation. In the order of ideas of Ramachandran paper (coming back 
from an idea of John Roe) this is a self adjoint boundary condition i.e. its interacts with the 
Dirac operator in the following way: 

1. S is a field of bounded self-adjoint operators with aB + Ba = a where a is Clifford 
multiplication by the unit (interior) normal. 
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2. If 5 is the operator of restriction to the boundary acting on smooth sections then 
{si, D-'^°S2) = {D-^" Si, S2) for every couple of smooth sections si and S2 such that 
Bbsi = and Bbs2 = 0. 

Next Ramachandran proves using the generaUzed eigenfunction expansion of Browder and 
Garding, that there's a field of restriction operators 

extending b where the Sobolev spaces are defined taking into account the boundary i.e. for 
a leaf L°, the space H''{L'^;E) is the completion of C^{L^;E) (compact support possi- 
bly meeting the boundary) w.r.t. the usual L^-based Sobolev norms. It follows from the 
restriction theorem that one can define the domain of D with boundary condition B as 

H°°{Xq;E,B) := {s £ H°°{Xq;E) : Bbs = 0}. 

Theorem 9.62 — (Ramachandran [76j) The family of unbounded operators D with domain 
H^{Xo; E, B) is essentially self-adjoint and Breuer-Fredholm in the Von Neumann algebra of the 
foliation with finite A-index in the sense of indA(L>^o) = dimA(Kcr(i:>-^o )) - dimA(Kcr(i:>^o )) 
given by the formula 

indf,{D^«) = {A{X) Ch{E/S), [Ca]) + 1/2[tik{D^) - h] (85) 

Now we are going to prove compatibility between formula ((85|) and ((8T|) . First of all we 
have to relate the two Von Neumann algebras in play. Denote (according to our notation) 
with ^nd-TifXE) the space of intertwining operators of the representation of TZ^ on L^{E) 
and, only in this section End7?,Q^A(£') the resulting Von Neumann algebra with trace trT^^^A 
in order to make distinction from End7?,^A(£^) the Von Neumann algebra of random operators 
associated with the representation of 7^. Start with a measurable fields of bounded operators 
Xo 9 I — > B^ : L^{Ll]E) — ^ L^{L°;E) with B^ = By a.e. if {x,y) € Uq. There's a 
natural way to extend B to a field of operators in End^ (E) . 

1. If X £ Xo simply let iB^ act to L'^{Lx;E) to be zero on the cylinder 

zB^ : L^{L"^; E) ® L^idL° x (0, 00); E) — > L^{LI]E) © L'^{dLl x (0, 00); £;) 
iB,,{s,t) (B,s,0). 

2. If X € dXf) X (0,00) define iB^ := iB^^^^) where p : dX^ x (0,oo) — > dX^ is the base 
projection and iBp(^^^ is defined by point 1. 

Proposition 9.63 — The map i : End7j„(£') — > 'RndniE) as defined above passes to the 
quotient to an injection 

z :End7^o,A(-B) ^End7j,A(£^) 
between the Von Neumannn algebras of Random operators preserving the two natural traces 

tr7?,,A(«-B) = iYua.h{B)- 



Proof — The first part is clear. An intertwining operator B ~ {Bx}x£Xo is zero A-a.e. 
in Xq then also does iB in X for any transversal T contained in the cyHnder can slide by 
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holonomy to a transversal contained in Xq. About the identity on traces remember the link 
between the direct integral algebras and the algebras of random operators i.e. Lemma 14.61 
Choose v to be the longitudinal Riemannnian metric then Ai, is the integration of ly against 
A. Let Po be the Von Neumann algebra of Ajy-a.e. classes of measurable fields of operators 
Xo 3 X I — > Bx G B{L^{L^.; E)) and P the corresponding algebra builded replacing Xq with 
X and B{L^{Ll-E)) with B {L^ {L^; E)) . Notice that the family 

X 3y< — > J iB^dv^ (86) 

is bounded for B in the domain of i then Lemma 14.61 says that 

trnA^B)= TT&cc{B^)dK{x) ^ TT&cc{B^)dK{x) = trn^.^iB). 

JX JXa 

□ 



Theorem 9.63 — Let PrKcr(L'-^o ) e EndTz„_A{E) the projection on the Kernel of D^" with 
domain given by the boundary condition Px = 0, (I— P = 0) as in Ramachandran formula. Let 
also PrKcri2 g EndK.A(-E) be the projection on the L^-kernel of the leafwise operator on 
the foliation with the cylinder attached and PrExt(Z3='=) e EndTz^A{e'^^ L'^E) be the projection 
on the closure of the space of extended solution seen in e"^ for sufficiently small positive u. 

1. iPrKcT{D-^a) is equivalent to PrKcr£2(£)+) in F,ndfi,AiE) i.e. there exists a partial 
isometry u e End7j,A(_E) such that 



In particular 



u*u = tPrKer{D^° ), uu* = Pr Ker£,2 (_D+) 
dim7j„,A Kct{D^o) = dim-T^^A Keri2 



I Pr Kcri2 {D^o ) _ Pj- Ext(i:»- ) 
for sufficiently small u and equivalence in EndA(e"^i^(i?)) with the inclusion 

defined as in proposition 19.631 
As a consequence 

dimA KeiiD^o) = dimA Ext(D"). 



Proof — The idea is contained in A.P.S. [5] when they prove the equivalence between 
the boundary value problem and the cylindrical problem. Their main instrument is the 
eigenfunction expansion of the operator at the boundary, now we use the Browder-Garding 
generaHzed expansion to see that any solution of the boundary value problems extends to a 
solution of the operator on the cylinder. 
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1. Use the Browder-Garding expansion as in the proof of the finiteness of the projection 
on the kernel ISTTl For a single leaf, the isomorphism 

L^dLl X i-1,0]) ^ L^R, fij) ® L^ii-1,0]) 

represents a solution of the boundary value problem as hj{r, A) = X(-oo.o) (-^)e^'^'^/ijo(7') 
hence the solution can be extended to the cylinder of the leaf (?L°. x (0, oo). This clearly 

gives a field of linear isomorphisms : Ker{Dx" ) — > Keri2(£)+) for x £ Xq, first 
extend to all L'^{L'^;E) to be zero on Ker(£'-^o )-'- then let x take values also in X 
according to the method explained before i.e. put Tx := Tp(^x) for x in the cylinder. 
Take the polar decomposition — UxlT^l, then Ux is a partial isometry with initial 

space Kct{Dx° ) and range Ker(Z?+), i.e 

ulux = PrKer(i:>f°'), Uxul = PrKer(L>+). 

We have to look at this relation into the Von Neumann algebra of the foliation on X . 
Split every L"^ space of the leaves as L^(L°^^^; i?)©L^(9L°^^^ x (0, oo);E). With respect 

to the splitting, forgetting the indexes x downstairs, we have ~ ^ q ^ acting 

on the field of L'^{X;E) spaces of the leaves. Then u* = ^ ^ with conditions 

M11U21 = and U21U11 = 0. Finally 

J y J ^ ^ 

and similarly u*u ~ Pr(Z)+). 

2. It is very similar to statement 1. in fact writing the Browder-Garding expansion and 
imposing the adjoint boundary condition one ends directly into the space of extended 
solutions. 

□ 

To conclude now we can compare Ramachandran index with our index; let's compare formula 
([SS)) with ijSTj) keeping in mind that, the index of Ramachandran is now our extended index 
(see section [3]) 

indA(i:»-^") = indA,L2(L)+) = diniA KcrL2 (£>+) - Y^ctlA^^) 
to obtain the equation 

dimAExtp") - dimAKcri2(i:)") = {h^^ - hX)l2 + h/2. 
The same argument applied to the (formal) adjoint of leads to the equation 

dimAExt(i:>+) -dimAKcri2(i:'+) {h+ - /iX)/2 + /i/2, 

then 

h = h\ + h~l^ 



as in A.P.S. 
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10 The signature of a foliated manifold with boundary 

In this section we apply our index formula to the signature operator. First we recount the 
story of the signature operator and its relation with the signature of a closed manifold and 
a with a compact manifold with boundary as in A.P.S; then following the paper of Luck and 
Schick [60j about L? signatures of F-coverings of manifolds with boundary we propose three 
different definitions of the signature for the foliation with boundary 

Analytical (index theory) 

Topological (de Rham) 

Harmonic (Hodge) 

and prove they all agree. 



10.1 The Hirzebruch formula 

The reference for the notation about the signature operator is the book bt Berline Getzler 
and Vergne [lO]. Let X be an oriented Riemannian manifold and \dvol\ the volume the unique 
volume form compatible with the metric i.e. the one assuming the value 1 on each positive 
oriented orthonormal frame. In other words | dvol = \^dx\. One can define the Hodge * 
operator in the usual way 

*e*^ A • • • A e**^ = sign{a)ej^ A • • • A ei^_^ 

where (ei, e„) is an oriented orthonormal basis, (ii, ik) and {ji, ■■■,jk) are complementary 
multindices and a is the permutation cr := ( ' .' .' ' . " ) . 

V *1 • Jl ■ 3n-k J 

Since *2 = (_i)M("-M) this is an involution on even dimensional manifolds. 

The bundle hT*X of exterior algebras of X is a natural Clifford module under the action 

defined by 

c(e*) := e{e,) - 6(e') (87) 

where e(e*)w = e* A w is the exterior multiplication by and i{ei) is the contraction by 
the tangent vector e^. In other words it is the metric adjoint of exterior multiplication, 
e(e')* = i(ei). The chirality involution 

r z[("+i)/2lc(ei) • • • c(e„) 

is related to the Hodge duality operator by 

^ ^ j[(r, + l)/2] ^ (_l)«M + ^L(iJzil) ^ 

following from the identity (same deegree forms) 

/ «Ar/3-(-l)"l-l+l-l(l-|-i)/2i[2"+i]/2 /■ («,/3)|dx| 
Jx Jx 

while /yd A */3 = j^{a, (3)\dx\. As a consequence one can write the adjoint of d in two 
different ways, 

d* ^-*d* (-l)"l-l+" = -(-l)"rdT. 

Sections of the positive and negative eigenbundles of t are called the self-dual and anti self-dual 
differential forms respectively and denoted by n'^{X). 
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Now suppose n is even, and X is compact. The bilinear form on the middle cohomolgy 
R) defined by (a, /?) i — > a A /3 satisfies the identity 

X Jx 

In particular if n is divisible by four this is symmetric and has a signature a{X) i.e. the 
number p — q related to the representation 

rif "l— 2, |2_2 _ 2 

— Xi -t ■ ■ ■ + Xp Xp+l ■ ' ' 

of the associated quadratic form (this is independent by the choosen basis). In this situa- 
tion the chiral Dirac operator d + d* acting on the space of differential forms is called the 
Signature operatoif^ 



D 



sign, 



The Atiyah-Singer index theorem in this case becomes the Hirzebruch signature theorem 

ind(L>'''sn,+) ^ ^(^x) = / L{X) 
Jx 



where L(X) is the L-genus, L(X) = (7ri)~"/^ det^^^ ( — -— ) for the Riemannian cur- 

\tanh(R/2)/ 

vature R. The proof uses the Hodge theorem stating a natural isomorphism between the 
space of harmonic forms H'^{X) i.e. the kernel of the forms laplacian A = (d + d*)^ and the 
cohomology H''{X) together with Poincare duality. 

Now on a manifold with boundary with product structure near the bounday the situation is 
much more complicated. The signature formula is the most important application of the index 
theorem in the A.P.S. paper. The operator can be written on a collar around the boundary 
as 

where the isomorphism a : ^{dX) — > 17+ (X) and B is the self-adjoint operator on f2(9X) 
defined by 

Ba = {-lf+P+^{*ed - d*a)a 

where from here to the end dim(X) = 4A;, e(a) ~ ±1 according to a is even or odd degree 
and *a is the Hodge duality operator on dX. Since B commutes with a i — > (— l)'"' *q a 
and preserves the parity of forms, B = B"^^ ^odd ^^^^^ dimension of the kernel at the 
boundary as the rj invariant are twice that of B^^. The A.P.S index theorem says 

ind(L''''s"'+) = h+ -h- -h^= [ L- - 77(5"=^) 

Jx 



or 



indi.p-s"'+)-/j- = / L-hiBn^viB'' 
Jx 



where are the dimensions of the L^-harmonic forms on the manifold X with a cylinder 
attached and is the dimension of the limiting values of extended harmonic forms in 

n-{x). 

The identifications of all these numbers with topological quantities require some work. 



^^it differs from the Gauss-Bonnet operator d + d* only for the choice of the involution 
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1. The space Ti-iX) of harmonic forms on the manifold with a cylinder attached X is 
naturally isomorphic to the image H{X) of 

h;{x)^h*{x). 

Equivalently one can use the relative de Rham cohomology H*{X, dX) — > H*{X) de- 
fined imposing boundary conditions uj\gx = ^ on the de Rham complex. This statement 
plays in the 9-case the role played by Hodge theory. 

2. The signature (j{X) of a manifold with boundary is defined to be the signature of the 
non-degenerate quadratic form on the middle-cohomology H'^^{X). This is induced 
by the degenerate quadratic form given by the cup-product on the relative cohomology 
H^'^{X, dX). By Lefshetz duality the radical of this quadratic form is exactly the kernel 
of the mapping H'^^{X,dX) — > H'^^{X) then 

a{X) -h- = indi2(A). 



3. Then A.P.S get rid of the third number proving that = /i+ = h[B'^^) that 
together with /i+ + ~ 2h{B'^^) gives the final signature formula 

a{X) ^ f L- i^iBn- 
Jx 



10.2 Computations with the leafwise signature operator 

So let Xq be a compact manifold with boundary equipped with an oriented 4A:-dimensional 
foHation transverse to the boundary and every geometric structure of product type near the 
boundary. As usual attach an infinite cylinder Zq = dXg x [0,oo)r and extend everything. 
The leafwise signature operator corresponds to the leafwise Clifford action l(87|) on the leafwise 
exterior bundle KT* T. If (ei, eA^k-i, dr) is a leafwise positive orthonormal frame near the 
boundary, the leafwise chirality element o satisfies 

r := t^'^cie^) ■ ■ ■ c{e^''-^)c{dr) = z^^' * (_l)H(M-i)/2 

= -e''c{dr)c9 = ~e''c{dr) *a (-l)H+N(H-i)/2 

where * is leafwise Hodge duality operator, eg = c(e^) • • • c(e^''~^) is, a part for the i^^ factor 
the leafwise boundary chirality operator and *a is the leafwise boundary Hodge operator. On 
the cylinder the leafwise bundle KT*T is isomorphic to the pulled back bundle p*{hT*TQXa) 
(the projection on the base p will be omitted throughout) while separating the dr component 
on leafwise forms a — uj + (3 /\ dr yields an isomorphism 

(AT*J^)axo — * {AT*dT) ® {AT*dT), (88) 

sometimes we shall write [AT*dT) A dr for the second addendum in l(88|) to remember this 
isomorphism. An easy computation involving rules as 

duj = dQUJ + (-l)l"'larCJ A dr 

for w g C°"{[Q,oo)]KT*dT) and c{dr){uj + a hdr) = (-l)l'^lw A - (-l)l"la shows that the 
operator can be written on the direct sum {AT*dJ-) © {KT*dJ-) as the matrix 



£)Sign _ 



we omit simbols denoting leafwise action for ease of reading 
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and 



^ = * ( -ca(-l)N )■ ^^^^ 



Since c?g = TQdQTQ = CQdQCg formula ([89|l is equivalent to 

i?^ig" ^ c(dr)a, + (da + dl) © (da + 4). 

There's also another important formula corresponding to the fact that d + d* anticommutes 
with T. Denote fl'^lJ^) the positive (negative) eigenbundles i.e. the bundles of leafwise auto- 
dual (anti auto-dual) forms. We can write the operator on the cylinder as an operator on 
sections of the direct sum p* (fl'^ {J-')qxo © {J^)dXa) as the matrix 

-(-l)l-la, + {*oda - da*a)«"^(-l)l-l(l-l"')/' 

(-1)1-19, + (*arfa - da*9)i"=(-l)l-l'l-l-'^/' 

= c{dr)dr + {*ads - da*9)j"'(-l)'''^'''"'^/'f^- (91) 
To pass from one representation to another we have to consider the following compositions 

KT*dT {AT*dT) ®{AT*dT) A dr n+{J^) AT*dT ■ 

and 

AT*dT A{T*dT) ®{AT*dT) A dr n-{T) n+iT) AT*dT. 

where ij is the inclusion on the j-th factor and Pr^ is the corresponding projection. 



10.3 The Analytic signature 

The first definition we give is simple. It is merely the Li^ index of the signature operator on 
the foliated manifold with a cyHnder attached. 



Definition 10.64 — The A-analytic signature of the foliated manifold with boundary Xq is 
the measured L? index of the signature operator on the foliated manifold with a cylinder attached, 

aA,a„(Xo,9Xo) indi2,A(i^-g'^'+). 



Now, by the standard identification of the Atiyah-Singer integrand for the signature operator 
[lOj . formula fSTj) becomes 

aA,a„(^o, aXo) = (L(X), [Ca]) + l/2[77A(i?^«) -hl + h^] 

where L{X) is the tangential L-characteristic class and the numbers ft-J and the foliation 
eta-invariant are referred to the boundary signature operator. 

As in [5] first we have to identify these numbers. Minor modifications of the proof of Vaillant 
|93j are needed in order to prove the following. 



Proposition 10.65 — For the foliated signature operator 

h+ = h^. 



(92) 
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Consequently the formula for the analytical signature is 



Proof — Use the representation l[89|) of the operator on the cyUnder on the bundle 
{KT*dT) [hT*dT), here we can easily write the one parameter perturbation 

Z?f = c{dr)dr + [da + dl) © [da + d*a) - m,[{da + dl) © {da + d*a)] 

where li^ the spectral projection He = X{-<i,e){{dd + dg) © (c^a + dg)) of the leafwise boundary 
(signature) operator and 9 is the function considered above in l(33|) . For clarity we make the 
position 

da + d*a = Df^ - Sa 
for the boundary signature operator. Now pass to the antidiagonal form 

c{dr)dr + {*ada - (93) 

It is a well known fact that only the middle dimension forms contribute to the index in fact 
the leafwise kernel of the signature operator is the space of leafwise harmonic forms and 
decompose 

kerA, =©f^okerA« 

where A^*'' : Q.'^{Lx) — > r2*(L^). The subspace kerA^T^ © A^""'^^ is r-invariant for each 
< r < n and there is a field of unitary equivalences 

[ker A^'-) © Ai"-'^)]+ [kcr A^''' © A^""'')]- 

given hy u! + Tuj \ — > uj ~ tuj. Now choose a leaf and apply the Browder-Garding expansion 
exactly as in section [5] to the boundary operator in ((93l) . We forget the subscript indicating 
we are on a single leaf and the isomorphisms coming from the eigenfunction expansion. A 
section ^ G Ext(Z?£||"'''') can be written on the cylinder r > 3, 

C±(A,r) = C^(A,z)[x(-e,.)(A) + (1 - X(-.,oW)e^"'] 

with the fundamental fact that the boundary datas C*(A, «) G L^(±[0, oo) x N,/j,) are uni- 
vocally determined by r = 0. Now there's a coefficient that's constant in r. It is precisely 
C^(A, «)x(-e,e)(A) and can be seen (under the spectral isomorphism) to belong to the image 
of the spectral projection X(-e,c)(Sa © Sa). This subspace oi {dL^] KT* dL^) is naturally Z2 
graded in fact the chirality operator t commutes with the boundary operator. 
In particular 

C±(A,z)x(-e,.)(A) e [x(-.,.)(Sa©Sa)L2]± 
The splitting becomes more evident looking at the decomposition l(89|) 

X(-e,e)(Sa© So) = X(-e,e)(Sa) © X(-e,e)(Sa) 

with r acting on the right-hand side according to 

/ -ra(-l)H \ 
I ra(-l)l l ) ' 

exactly formula l(90|) . So we have defined a measurable family of maps 

:Ext(i?^;f-±) [x(-.,.)(Sa)L2©X(_.,.)(Sa)L^]±, ^ C*(A,j)x(„.,.)(A). 

Now proposition 15.43! says that if we choose 5 small, say < (5 < e then Kev^-se i^2{Df^''^) is 
closed in each e~^'^L'^ and Ext(L»^i|"'±) is closed into each e^" L"^ . It follows that 
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• We have a Borel family of continuous and middle-exact sequences 

(Keri.(i^:;f II . |U-.«i.) (Ext(7^:;f || • 11,..^.) (94) 

^[X(-.,o(Sa)i'©X(-..o(Sa)i']^ 

where the last arrow is . 

• /ij,, = dimA(range(J=^)). 

Now join togheter Jx + Jx assume that 

range(J'^) C © X(-.,.)(Sa)i^ 

splits into a direct sum 

range(J'^) = V:,© W:,. (95) 

Then in this case the proof ends because the chirality element acts on range(j7a;) sending Vx 
into y<Jx and vice-versa then the ± eigenspaces must be isomorphic. □ 

So it remains to prove l|95p . First we need a lemma, 

Lemma 10.66 — If < (5 < e The family of spaces rangCgM^2(Dfsn) js A-closed this 
property meaning that for every 7 > there exists a Borel family of closed subspaces A/ c 

rangegiS£,2(-Df^") such that 

dimA range(£>e'^") — dimA(A/) < 7. 



Proof — The first is a direct consequence of the A-Fredholm of the perturbed operator 
£)sign^ on the field e^^L? in fact the commutative diagram 

^86 j2 ^59^2 (96) 



and lemma lOOl show that the operator on field of weighted spaces e^^L'^ is Breuer-Predholm 
than is not contained in the A-essential spectrum of TT* where T = £)^'g">± and T* is the 
adjoint w.r.t the e^^ norm and the spaces := X(-oc,ri){TT*) U {X{ri,+oc){TT*) are A-finite 
codimensional in the closure of the image of T in {L^ because the vertical arrows in l(96|) 
are isomorphisms that preserve the A-dimension) . □ 

Proposition 10.67 — For every x the image of J splits, 

rangc(J'^) = V:r©W,;. 



Proof — Consider the first row of (l94l) i.e 



(Kcri.(i?:;|"-±),|| • ||,-..i.) (Ext(i?::|"-±) 
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with the non-degenerate pairing e x e — > C on each leaf, 

(Kcri.(i?::i"-±),|| • lle-^iO^ = (Ker,-.<.i.(i^:j'±))^ = rangc(i^^;r^±) 
then extend J to be zero on the e'^^-hortocomplement of Ext(D^'|"'*) then 

range(Jr) = >7x ( range (D"!"'"'') ^ . 
Put rangc(J') = J{]C) by the continuity of J we can restrict our attention to elements in 

JCl := rangc,.«^.(i^:;f ) nExt(2£) 

e'^^ — closed 

for each x. So let i £ /C°, by definition there exist a £ e^" L^{AT* L^,) such that ^ = DfS'^ 
and (Df 811)2^ ^ ^j^g cylinder we can write a = ao + ai A dr with € H°°{dLx x 

[0, c»); AT*L2;). Using again Browder-Garding (or a spectral resulution, it's the same) of the 
boundary operator S9 we can see that in the region r > 3 these section satisfy the differential 
equation 

-(9,)2a, + (l-X(-...)(A))A2ai = 
with solutions in the general form 

ai{x,r)=rl3i^i{x)+(ii,2+0{e-'^) 

and /3;.i £ X{-t,e.){^d)- Keeping in mind the identities d + d* = d^ + d^ with c?e d — dfllle 
and d* := d* — c?*^!!^, using the identity (1 — U^)PQ,j = 

d.aoix, r) - {e{dr)dr + d{l - n,))(r/3o,i(a;) + /3(o,2)(a;) + 0(6"^'-) 
= dr A/3o,i(x-)+0(e-'''). 

The calculation to show that the second piece deQ;i(a;, r) A dr ~ 0{e~'^^) can be performed in 
the same way. 

For the second piece of the signature operator 

d^ai{x,r)Adr = {~i{dr)dr + d* {\ - VL^)){r^x,\ A dr + /3i,2(.t) + 0(e-"')) 

= -(-l)l^^'^l/?i,i(x)+0(e-^'^) 

with d^a^ix^r) = e~'^^ . This shows that 

JiO = J{dea + dla) = © (-l)l'^«'il/?o,i + {-l)^^'^'^ f3i,i{x,r) ® 

and concludes the proof. □ 
It remains to apply [TO.661 to prove l|92p . 

Remark — Everythig works with coeficients on a rank m leafwise flat bundle, the signature 
formula in this case becames 

fT,,an(Ao,9Ao) = m(L(A), \Ca]) + \/2[r,i,{D^^)]. 
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10.4 The Hodge signature 

Consider the measurable field of Hilbert spaces of L^-harmonic forms 

x^U^:= ker{A^ : ^^(A^TU,) L^K^T* L.,)} 

where is a leaf of the foliation on the manifold X with cylindrical ends. Since leafwise 
harmonic forms are closed this is a field of subspaces of the fields of de Rham cohomologies 
H*{Lx) hence inherits the structure of a measurable field of Hilbert spaces futhermore it 
makes sence to speak about the space of tangentially continuous sections 7i^. 
So if the dimension of the foliation is dim(J^) = 4fc as above, we have a well defined bilinear 
form on the middle-degree leafwise transversally continuous (transversally measurable would 
be enough) 

st-T-tfy-nf — (a,/3)i — > I ahpdK= [ {a,*f3)dA. (97) 

Jx Jx 

given by the wedge product followed by integration against the transverse measure. This 
bihnear form is defined on forms (and there is simmetric) with real coefficients and extended 
to be sesquilinear (C-antihnear in the second variable) on forms with complex coefficients in 
the usual way, s^(a, /3 (8) 7) := 73^ (a, /3 (E) 7). For sesquilinear forms to be simmetric means 

s^(a,/?)=s^(/3,a). 

This field of bilinear forms corresponds, by Riesz Lemma to a continuous (measurable) field 
of self-adjoint bounded operators : 'Hl^ — > univocally defined by the property 

s^(a,/3) = (a,A/?) 

where at the right-hand side the scalar product of the field of Hilbert spaces i.e., the scalar 
product on forms. Now A determines a field of orthogonal splittings Ti.^^ = ® ffi V~ of 
Hilbert spaces where is the image of the spectral projection x(0,oo)(^i:) (x(— 00, 0)(Ai:)) 
and is the kernel of A^ . The pairing on the leaf passing trough x is non degenerate if and 
only if = but we are interested in the general behaviour using the transverse measure to 
integrate. 

Definition 10.68 — The signature on harmonic forms (The Hodge signature or the harmonic 
signature) on the foliated elongated manifold is 

cr^(X) := dimA T/+ - diniA V~ . 

We shall use also the symbol crA3odgc(-'^, ^0) to refer to the compact pair, to denote the same 
number. 

10.5 Analytical signature=Hodge signature 

All the computations made in Proposition 110.651 Lemma 110.661 and Proposition 110.671 leads 
to the first equality promised. 

Theorem 10.68 — The analytical signature of the compact manifold with boundary and the 
signature on harmonic forms on the manifold with cylinder attached do coincide, 

f7A,a„(^o,aXo) = G^iX) = (L(X), [Ca]) + l/2[r;A(i^-^°)]. (98) 
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Proof — The definition (|97)) says that B = *\n^k but since the dimension of the fohation 



is Ak we have r^^^^k = *\n2k. It follows that 



□ 



10.6 The L^—de Rham signature 

The goal of this section is to prepare the ground for the definition of the de Rham signature 
for the foliated manifold with boundary and the proof of its coincidence with the harmonic 
signature. 

10.6.1 manifolds with boundary with bounded geometry 

The generic leaf of {Xo,J-') is a Riemannian manifold with boundary with bounded geometry 
as those examined by Schick [85l [Ml [87] . 

Definition 10.69 — We say that a manifold with boundary equipped with a Riemannian 
metric has bounded geometry if the following holds 

Normal collar : there exists rc > so that the geodesic collar 

TV [0,rc) x dM : {t,x) ^ expjt:^^) 

is a diffeomorphism onto its image, where i^x is the unit inward normal vector at x E dM. 
Equip N with the induced metric. In the sequel N and its image will be identified. Denote 
im[0, 7'c/3) X dM by A^i/s and similarly N2/3. 

Injectivity radius of dM : the injectivity radius of dM is positive, rinj{dM) > 

Injectivity radius of M : there is 7'i > so that for x E M — N^^^ the exponential mapping 
is a diffeomorphism on i?(0,7'i) C T^M. In particular if we identify T^M with W" via an 
orthonormal frame we have Gaussian coordinates M™ D 5(0, 7-^) — > M around any point 

in M - iVi/3 

Curvature bounds : for every A' e N there is some Ck > so that |V*i?| < Ck and 
iV^Zj < Ck, < i < K . Here V is the Levi-Civita connection on 71/, V*^ is the Levi-Civita 
connection on dM and I is the second fundamental form tensor with respect to i^. 

Choose some < ?'f < rinj{dM), near points x' g dM on the boundary one can define 
normal collar coordinates by iteration of the exponential mapping of dM and that of M, 

k,, : £(0^ X [0, rc) ^ M, {v, t) ^ exp^^p^^.j^) M- 

For points x G M — Ni^^ standard Gaussian coordinates are defined via the exponential 
mapping. In the following we shall call both normal coordinates. It is a non trivial fact 
that the condition on curvature bounds in definition 110.691 can be substituted by uniform 
control of each derivative of the metric tensor gij and its inverse g"^^ on normal coordinates. 
The definition extends to bounded geometry vector bundles on (5-manifolds with bounded 
geometry and each object of uniform analysis like i.e. uniformly bounded differential operators 
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can be defined [87]. In particular, using a suitable partition of the unity adapted to normal 
coordinates one can define uniform Sobolev spaces (different coordinates give equivalent norms 
so we get hilbertable spaces) and every basic result continues to hold. 

Proposition 10.70 — Let E — > M a bundle of bounded geometry over M. Suppose F is 
bounded vector bundle over dM. Then the following hold for the Sobolev spaces H'^{E), H'^{F), 
s, t G M of sections. 

1. H^{E),H^{F) is an Hilbert space (inner product depending on the choices). 

2. The usual (bounded) Sobolev embedding theorem holds with values on the Banach space 
C^{E) of all sections with the first k derivatives uniformly bounded, 

W{E) ^ C^{E), whenever s > m/2 + k. 

3. For the bundle of differential forms one can use as Sobolev norm the one coming from the 
integral of the norm of covariant differentials 

k 

Ml - / \\^'^i^)\\T'AmAT'M\dx\. 

4. For s < t we have a bounded embedding with dense image H^{E) c H^{E). The map is 
compact if and only if M is compact. We define 

H°°{E) ■.= [^H'{E), H"°°{E) ■.= \Jh'{E). 

s s 

5. Letp : C°°{E) — > C°°{F) a fc-bounded boundary differential operator i.e the composition 
of an order k bounded differential operator on E with the morphism of restriction to the 
boundary. Then p extends to be a bounded operator 

p : H-'iE) — > H'-^-^'^{F), s>k + 1/2. 

In particular we have the bounded restriction map H^{E) — > H^~^/'^{E\qm)t s > 1/2. 

6. H^{E) and H~'^{E) are dual to each other by extension of the pairing 

(/,5) = / .9(/(a;))|dx|; / e C^{E), g e C^{E*) 

where E* is the dual bundle of E. If i? is a bounded Hermitian or Riemannian bundle, then 
the norm on L^{E) defined by charts is equivalent to the usual L^-norm 

/ {fJUdx\,feC^{E). 
Jm 

Moreover H^{E) and H^^{E) are dual to each other by extension of (/, .g) = Jj^j{f,g)x\dx\. 
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10.6.2 Random Hilbert complexes 

Now we define the de Rham L? complexes along the leaves. These are particular examples of 
Hilbert complexes studied in complete generality in [TS] , 

So let a; e Xo, consider the unbounded operator with Dirichlet boundary conditions 

d^o : nX^, = {c. e c^{KT^Ll)-uj\gM = 0} c lUkt'^lI) lUkt^lI). 

Being a diflerential operator it is closable, let (?L°.) the domain of its closure i.e the 

set of limits u of sequences w„ such that also the dwn converges in to some rj —: duj. 
The graph norm || ■ ||^ := || ■ Ij^g + \\d ■ |j|2 gives the graph the structure of an Hilbert space 
making d bounded. It is easily checked that d{A'^) C ker((i : A^'^^) — > L^) then we have a 
Hilbert cochain complex 

. Ak—l , Ak ^ Ak+1 , 

with cycles Zi^{L°,dL°) := ker(d : A'^ — > A'^+^) and boundaries B^{Ll,dLl) := range((i : 



Definition 10.71 — The (reduced ]l1 relative de Rham cohomology of the leaf is 
defined by the quotients 

Clearly the closure is taken in order to assure the quotient to be an Hilbert space. Similarly 
the L^-de Rham cohomology of the whole leaf, H^ii (^2)(-^x) defined using no (Dirichlet) 
boundary conditions. In particular A^{L^) will be used to denote the domain of the closure 
of the differential as unbounded operator on L^(L°) defined on compactly supported sections 
(the support possibly meeting the boundary). The subscript dR helps to make distinction 
with Sobolev spaces. Each one of this spaces is naturally isomorphic to a corresponding space 
of harmonic forms. More precisely 



Definition 10.72 — The space of k-L"^ harmonic forms which fulfill Dirichlet boundary 
conditions on dL^ is 

Hf2)(i°,aL^) := {lu e n LOiQLO = 0, i6Lu)igL0 ^ 0, idL0)i8L0 = } 

aut. satisfied 

We shall see that the boundary conditions are exactly the square of the Dirichlet boundary 
condition on the Dirac operator d + 5. Since each leaf is complete a generalization of an idea 
of Gromov shows that these forms are closed and co-closed, [85^ [86] 

n\2){Ll,dLl) = {cj e r\L'^[k^Ll),duj = 0, 5^ = 0, uj\aLi -0}. 
Furthermore there's the L^-orthogonal Hodge decomposition [85} [86] 

L\K^T*Ll)=n\2^{Ll,dLl)®d<^-^n'l-^\Ll,dLlf 

^^the word reduced stands for the fact we use the closure to make the quotient, also the non reduced 
cohomology can be defined. For a F covering of a compact manifold the examination of the difference re- 
duced/unreduced cohomology leads to the definition of the Novikov-Shubin invariants |57| 
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where fi^^^ := {uj G Cg^ {A'^^^T* L'^), uj^q^o = 0} and the corresponding one for S with 
no boundary conditions ^g^^ ■— {lo G C5"(A'^+^r*L")}. These decompositions shows with a 
httle work that the inclusion TL^{LP^, dL'^) A'^ induces isomorphism in cohomology (Hodge- 
de Rham Theorem) 

H''{Ll,dLl) = i/^^ (2)(^°'^^-^°)• 
This is a consequence of the fact that the graph norm (of d) and the norm coincide on 
the space of cycles . Similar Hodge isomorphisms holds for the non-relative spaces and are 
well-known in literature. 

As X varies in Xq they form measurable fields of Hilbert spaces. We discuss this aspect in 
a sHghtly more general way applicable to other situations. Remember that a measurable 
structure on a field of Hilbert spaces over Xq is given by a fundamental sequence of sections, 
isx)xeXo, Sn{x) G Hx such that x i — > l|sTi(a;)||ff^ is measurable and {s{x)}n is total in 
(see chapter IV in [89] ). 

Proposition 10.73 — If for a family of closed densely defined operators (P^-) with minimal 
domain T>{Px) a fundamental sequence s„(x) € 'D[Px) is a core for Px and PxSn{x) is measurable 
for every x and n then the family Px is measurable in the sense of closed unbounded operators 
(definition l4.24l and the remark below ) i.e. the family of projections n| on the graph is measurable 
in the square field Hx © Hx with product measurable structure. 

Proof — It is trivial in fact the graph is generated by vectors {sn{x), PxSn{x)) then the 
projections is measurable. □ 

The lemma above can be appHed to the {A'^{LP^,dL^))x in fact in the appendix of [38] a 
fundamental sequence ipn of sections with the property that each {'fn{-))\L° is smooth and 
compactly supported is showen to exist. Now the same proof works for manifold with bound- 
ary and, since the boundary has zero measure one can certainly require to each ipn to be zero 
on the boundary. 

In particular we have defined complexes of square integrable representations. Reduction 
modulo A-a.e. gives complexes of random Hilbert spaces (with unbounded differentials) for 
which we introduce the following notations, 

• (L^^-^(il*Xo), d) is the complex of Random Hilbert spaces obtained by A a.e. reduction 
from the field of Hilbert complexes 

^ L2(A^T*L0) L2(A*+ir*L0) ^ • • • (99) 

• (i/*]^j2)(^o)7 c^) is the complex of Random Hilbert spaces obtained by A a.e. reduction 
from the reduced cohomology of ([99]) 

• (L^'-^(r2*Xo, 9X0), d) is the complex of Random Hilbert spaces obtained by A a.e. re- 
duction from the field of Hilbert complexes with Dirichlet boundary condition 

^ L2(A'=T*L0) L'^{K''+^T*Ll) ^ • • • (100) 

with differentials considered as unbounded operators with domains A^(L°,9L°). 

• (i/*]^j^2)(^o, c^A'o), d) is the complex of Random Hilbert spaces of the cohomologies of 
the above complex. 
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10.6.3 Definition of the de Rham signature 

Let dim(J^) = 4fc Consider the measurable field of Hilbert spaces of the minimal 

domains of the de Rham leafwise differential with Dirichlet boundary conditions i^\dL« = as 
above, with the graph Hilbert structure and the induce Borel structure. This square integrable 
representation of TZq carries a field of bounded symmetric sesquilinear forms defined by 

sl:AfiLldLl)xAfiLldL'i)^C,{Lu,r^)^f uj Ar] ^ f {oj,*r^)dv^ 

i.e. the C-antilinear in the second variable extension of the wedge product on forms , fi (8) 7 = 
cr ® 7 is the complex conjugate and is the Leafwise Riemannian metric. Note that also the 
scalar product (•, •) on forms is extended to be sesquilinear. 

Lemma 10.74 — The sesquilinear form passes to the relative cohomology of the leaf 
HTR,(2)(Ll,dLl) factorizing through the image of the map ffj^ (^jl^S, 9^2) — > Hj^R.(2)iL°) 
of the relative de Rham cohomology to the de Rham cohomology exactly as in the compact 
(one leaf) case. 



Proof — The first assertion is simply Stokes theorem, in fact let ui £ A'^'^{L^,dL^) i.e. 



ojn uj , dujn and 0,n e C^iAT^^-^Ll), de„, then 



S^(w, if) = lim / LOn A dOjn = lim / d{uJn A Om) = lim / {Un A 9m)\dL« = 0. 
n^mjj^o ".™Jlo "■'"Jolo 

The second one is clear and follows exactly from the classical case i.e. if /3i = /?2 + lim„ dpn 
with pn compactly supported with no boundary conditions write 

s°(H,[/?]) = s2([a],[/32]) + lim /aAp„, 



represent a as a limit of forms with Dirichlet boundary conditions than apply Stokes 
theorem again. □ 

For every x the sesquilinear form s° on the cohomology corresponds to a bounded selfadjoint 
operator & B{H^'^ (2)(^!ci ^L*^)) (a proof is in ^7\) univocally determined by the condition 
s|J(a,/?) = {a,BxP). Measurability properties of {s'^^)x^Xo are by definition (for us) measur- 
ability properties of the family {Bx)x- It is clear that everything varies in a Borel fashion 
(use again a smooth fundamental sequence of vector fields as in [38j) then the B^'s, define a 
self-adjoint random operator B G EndA(-ff^^ ^2)(^o, 5Xo)). 



Definition 10.75 — The A-L^ de Rham signature of the foliated manifold Xo with boundary 
dXa is 

aK,dR{Xo,dX(i) := trA X(o,oo) (S) - trA X(-oo,o) (^) 
as random operators in EndA(i?J^ (2) (Aq, QAq)). 



10.7 LF' de Rham signature =Harmonic signature 

This is a very long proof. We need some new tools. The path to follow is clearly the one 
in the paper of of Liick and Schick We shall show at the end of the section that we 
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can reduce to the case in which every leaf meets the boundary or in other words the 
boundary contains a complete transversal. 

10.7.1 The boundary foliation and TZq 

We have denoted by Tg the foUation induced on the boundary dXo i.e. the foHation where 
a leaf is a connected component of the intersection of a leaf L of T with the boundary. Let 
TZq = Tl{!Fg) its equivalence relation with canonical inclusion ^ — > TZq. We are under the 
assumption that the boundary contains a complete transversal T. This is also a complete 
transversal for J-g, Call its characteristic function on TZq. Then every transverse measure 
A for TZq is univocally determined by the measure A^^ supported on T. As a consequence 
(Theorem |4.3, page 20p one gets a transverse measure, continue to call A, on TZo_. Let now 
{H, U) be a square integrable representation of TZq — > Xq and H its corresponding random 
Hilbert space, it pulls back to a square integrable representation {H\U') of TZq. Also a 
random operator A S EndA(i?) defines by restriction a random operator A' in EndA(iJ'). We 
are going to show that 

trA(A) =trA(A'). (101) 

This automatically proven if we think about the trace in terms of operator valued weight 
J tTH^{-)dA^{x), of course we have to pay some care checking the domains of definitions of 
the two traces but from normality and square integrability the operators in form 6*1/(^,0 
in the equation (fTGl furnish a sufficiently rich set to check the two. To see the problem under 
a slightly different point of view, first remember the trace is related to an integration of a 
Random variable. So suppose is a Random variable on TZq (see the definition on section 
14. ip the recipe Connes gives to integrate is the following: choose arbitrarily some faithful 
transverse function v € then the integral is given by 

J FdA = sup {A,(a(/)), / e T+{X), * / < l} 

where X = U^gXo ^(^)- '^^e point (leading to the treatment in Moore and Schochet |65j . for 
example) is that one can choose as v the characteristic funtion vt of a complete transversal 
T. Then if / £ J^+(X) such that vt * f < ^ also /, the restriction of / on the space 
X' ~ UteT ^(^) satisfies vt * f <^ and 

AT(a(/)) = {^i o ,y){a{f) = / ,.'a\f)dfi{t) = AriaU)) 

JT 

(where v and /i decompose A^r^ on r |4.3, page 20p then 

sup {A,(a(/)) ■.iyT*f<l,f& ^+(^)} < sup {A,(a(/)) : i^t * / < 1, / £ ^+(^')}- 

The reverse inequality is simpler starting with a function / G T^{X'), * f < I and con- 
sidering the function / := / on tt^^{T) and elsewhere, (tt is the natural projection on the 
space X). 

This simple argument allows ourselves to consider, as an instrument short sequences 

A'^-^iLldL'i) — A^Hi^J — 

where x G OXq as sequences of Random Hilbert spaces associated to TZq^. In fact the third 
term seems not naturally defined without passing to the boundary relation. Formula l|10ip 
says that traces of morphisms coming from the whole relation can be computed 
in the equivalence relation restricted to the boundary. Now the third term of the 
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sequence is directly related to the boundary. Proper Functors Again some words on the 
relation between TZo_ and 7?.o|axo or, better its restriction to the boundary (Ti-o)\dXo ■ We 
shall investigate how TZq sits inside TZq and the traces on algebras associated on it. Consider 
a class of TZo i.e. a leaf of the boundary foliation; this is a connected component of a class 
of (7?.o)|9Xo- In other words each class of {TZo)\dXo is a denumerable union of classes of TZq 
i.e. the bigger one seems like to be some sort of denumerable union of the smaller under the 
obvious natural functor 

"^0 — ' {'^Q)\axo. 

In the measure theory realm denumerability means that {TZo)\gxo is not so bigger than TZq. 
Also if one makes use of a complete transversal for TZq to integrate natural^ Random Hilbert 
spaces associated to (7?,o)|axo this transversal touches denumerably times classes of TZo_ so 
in definitive the geometric intuition says that we are integrating (then taking traces) on the 
foliation induced on the boundary ! the notion of properness helps to understand this intuitive 
fact. 

Definition 10.76 — 

• A measurable functor F : Q — > M with values standard measure spaces is called proper if 
w.r.t the diagram 



g(o) 

Q acts properly on X i.e. there exist a strictly positive function / e T^{X) and a proper 
such that ly * f = 1. Here we recall the defining formula 

Jgy 

• We say that a Borel groupoid G is proper if it acts properly on itself. 

There is a proposition (Lemme 2 (2^) saying that properness is equivalent to each one of 
the following conditions 

• There is one ly e £+ , f e T+{X) : * / = 1. 

• For every faithful v G there is some / G J-^{X) : v * f ~ \. 

• The kernel on X defined by z i — > p^, := j f[F{l^^) ■ z)dvy["f) is proper for 
faithful V. 

Properness is a very strict condition, there's a big literature on the subject, one can consult 
for example the paper of Renault and Delaroche [29j. In some sense the existence of a strictly 
positive function / as in the definition provides an embedding of X i — > G at level of L°° 
function^ in fact it defines the fibrewise map q : J-{G) — > ^i^): 

qiu)ip):^ [ f{F{^-^)-p))u{^)du<P\^), 

^■^i.e. given by L"^ • L, where L is left traslation on TLo 

^'for a good survey on non commutative integration theory and a physical application one can consult |53) 
where properness of Random variables is essential 
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with the essential unital property q{lg) = Ix- The integration formula of a proper functor F 
against some transverse measure A becomes very simple 

J FdA^A,{a{f )) 

where and / are as in the definition. This is also related to the natural trace on the Von 
Neumann algebra of Endomorphisms. of the square integrable representation • F. We 
recall that • F is nothing but the composition of the right translation functor with a 
measurable proper functor F. In fact, let A S EndA(i^ • F)+ a positive intertwining operator 
and consider the new proper functor F^ associating to x g the measure space F(x) and 
the measure, called local trace fJ-xig) ■= Tracei2(j-(3.) while an arrow 7 S 

goes into the measure space isomorphism induced by left translation then Connes proves 

Tta{A) = J FAdA ^ A,{fi{f)) = j^^ ti,{f)dA,{x). (102) 



Remark — Almost by definition the measurable functor L left traslation given by a: € 
go , — , and 71 — > : G'^'^'' — > ^''^t) is proper . 

We shall apply at once the remark above and the following proposition by Connes (Proposition 
4. in [26]). 



Proposition 10.77 — Let F,F' be two measurable functors with values measure spaces as 
in the diagram 

Ueeo ^' W = ^' G X = U.ggo F{x) 

r 




suppose the existence of a measurable mapping associating to z e X a probability measure on 
X' supported on F'{tt{z)) that's natural i.e. X^'^ — ■^X^, V7, V7 ; 5(7) = tt{z). Then 

1. If F' is proper then F is proper 

2. If F' is proper (then also F) then 



FdA 



F'dA. 



We shall apply this in the most simple way to some concrete situation of L^. So let L' be the 
left multiplication functor x 1 — > ("^0)13x0 while L is left traslation in TZq. In symbols, 

^ = Uxeaxo(^o)faxo ■ 

L' 

-X = UxedXo ^0 

Both are proper because the first is the restriction of the multiplication of TZq the second is 
multipHcation. Associate to L and L' some local trace of an intertwining operator B of a s.i. 
representation, say x 1 — > L?{dL^^). We are saying that the target space L'{x) is ('^o)fax 
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the measure is / i — > «(/) = iT:{B^/^ f B^^^); the same association is done for L. Note that 
the integral / L' dK is exactly trA(-B) in EndA(i^(9L°)). Now the Borel map associating to 
z € X a probability measure on X' in proposition 110.771 can be taken as the Dirac mass i.e. 

z = {x,y) I — > A"' := S(^^^yy 

Naturality and measurability are obiouvsly verified. Let's check the integral condition, so 
take a function / in (Jio)%Xa " 

( / \{z)da^z)j) = ( / <5(,,,)da-((x,y)),/(x,y)) = Y.tTmc){f\l^B^fll'') 

cec 

^ivL^aLl){f"^B.,f/^)^a'%f), 

in fact while y runs trough iJZff) = IJc ^ (connected components i.e classes of T^p) the factor 
5(x,y) selects exactly the connected component it belongs to. Summarizing: 

a Random operator associated to (7?.o)|9Xo restricts to a Random operator associated to 
7^0 having the same trace. 



10.7.2 Weakly exact sequences 

Consider for x £ OXq the Borel field of cochain complexes 



-A^(LS,9L2) 



d 



where each morphism must be considered as an unbounded operator on the corresponding 
L^, i is bounded since is merely the restriction of the identity mapping on L'^{L'^, AT* 
and r is restriction to the boundary. 



Proposition 10.78 — 

1. For every k the domain A^{L^) is contained in the Sobolev space of forms H^{L^, AT*_L"). 
In particular the composition with r makes sense. 

2. The rows are (weakly) exact i.e. one has to consider the closure of the images of i and r in 
the topology in the A'^'s. 



Proof — 1. An element oj in A'^{L'^) is an L^-limit of smooth compactly supported forms 
LUn with differential also convergent in L^. Then since the Hodge ★ is an isometry on 
also SuJn ^ ± * uj* converges. In particular we can control the L^-norm of duj and 6lj; this 
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means we have control of the first covariant derivative, in fact d + (5 = c o V where c is the 
(unitary) CUfford action. Then the second term can made less that the norm of V by bounded 
geometry. In particular we have control on the order one Sobolev norm by proposition 110.701 
The remaining part follows from the fact that the restriction morphism is bounded from 
to H^'^ ^ L2 

2. The only non-trivial point is exactness in the middle but as a consequence of the bounded 
geometry the boundary condition on the first space extends to (see proposition 5.4 in the 
thesis of Thomas Schick [85]) that together with point 1. is exactness. □ 

Remark — Note that the proof of the proposition above says also that the induced mor- 
phisms and are bounded. 



Definition 10.79 — We introduce the notations L^'-^(f7*Xo) and L'^'^{fl'Xo,dXo) for the 
complexes of Random Hilbert spaces with unbounded differential introduced above. 

Every arrow induces morphisms on the reduced cohomology. Miming the algebraic con- 
struction of the connecting morphism (everything works thanks to the remark above) we have, 
for every x G OXq the long sequence of square integrable representations of the equivalence 
relation of the boundary foliation TZq 



^ ^dR,(2)^^^x) ^ ^dR](2)i^x^C>Ll) i 

Remove the dependence on x to get a long sequence of Random Hilbert spaces over dX^ with 
consistent notation with l(99|) and (|100p 

^ ^rffl,(2)(^o, dXo) > i?rf^,(2)(^o) ^ (103) 



^dH,(2)(^^o) — ^ Hl^'^^^^{Xo,dX(i) 



Definition 10.80 — We say that a sequence of Random Hilbert spaces as (|103p is A-weakly 
exact at some term if in the correspondig Von Neumann algebra of Endomorphisms the projection 
on the closure of the range of the incoming arrow coincide with the projection on the kernel of 

the starting one. These means i.e at point — '—^ -^d_R,(2)(^o) — , 

range i* = kerT e EndA(i/^^ (^o))- 

Of course such a sequence cannot be exact, just as in the case of Hilbert F-modules there are 
simple examples of non exacteness (see Example 1.19 in [53, or the example on manifolds 
with cyHndrical ends in the paper of Cheeger and Gromov [13 )■ necessary condition to 
weakly exactness is (left) fredholmness, as in [22] . 
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10.7.3 Spectral density functions and Fredholm complexes. 

Let U,V two Random Hilbert spaces on TZo (for these consideration also the holonomy 
groupoid or, more generally a Borel groupoid would work) and an unbounded Random 
operator / : !?(/) C U — > V i.e start with a Borel family of closed densely defined op- 
erators fx : Ux — > Vx intertwining the representation of 7?.o. Since / is closable, the question 
of measurability is addressed in definition 14.241 For every ^ > put £(/, ^) as the set of 
measurable fields of subspaces Lx C T){fx) C Ux (measurability is measurability of the family 
of the closures) such that for every x £ Xq and (j) S Lx, |!/a;(i^)|| < fJ-\\<f>\\- After reduction 
modulo A a.e. this becomes a set of Random Pre-Hilbert spaces we call £a(/, m) 

Definition 10.81 — The A-spectral density function of the family {fx}x is the monotone 
increasing function 

/i I — > -Fa(/, a*) sup{dimA : L G £a(/, /i)}. 

Here of course one has to pass to the closure in order to apply the A-dimension. We say / is 
A Fredholm if for some e > 0, -Fa(/, e) < oo 

We want to show that this definition actually coincides with the definition given in term of 
the spectral measure of the positive self-adjoint operator /*/. 

Lemma 10.82 — In the situation above 

-Fa(/,m) = trAX[o,M'](/*/) = dimArange(x[o,^2] (/*/)) 
as a projection in EndA(C/)- 

Notice that since /*/ is a positive operator x[o,/j2](/*/) = X(-oo.^i3](/*/) is the spectral projection 
associated to the spectral resolution /*/ = M'^X(-oo,ai]- 



Proof — The spectral Theorem ( a parametrized measurable version) shows that the ranges 
of the family of projections X[o,fj.^]{f* f) belong to the class £(/, fi), then 

dimA(range(x[o,p2)(/*/))) < ^a(/,m)- 

In fact it's clear that xio,tJ.^){fx fx)^^ = uj ^ Wf^W < mII<^II- But now for every L G C{f, ^) we 
get a family of injections XtJ.^{fxfx)\L^ — *■ range(x^2 (/*/a;)) that after reduction modulo A 
and with the crucial property of the formal dimension 3 in lemma 14.71 says 

dimA(L) < dimA(range(x[o,^2] (/*/))■ 

□ 



Definition 10.83 — A complex of random Hilbert cochains as {L^{n'Xo), d) and its relative 
and boundary versions is said A-(left) Fredholm in degree k if the differential induced on the 
quotient 



rangc((i'^ ^ ) 

gives by A a.e. reduction a left Fredholm unbounded operator in the sence of definition 110.811 In 
particular the condition involving the spectrum distribution function is 

FA{d\ : V{d^) n range(d'^-i)-L — > L^{n''+^Xo), n) < oo (104) 
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for some positive number /^j. 

For this reason one calls the left hand-side of (|104p 

FA[L'-{n''Xo,dXo),fi) -.^ FA{d\ : Vid"") nmngcid'^-^)^ ^ L^n'^+^Xn), fi) 
the spectral density function of the complex at point k. 

Remark — The definition above combined with lemma fTO. 821 says that we have to compute 
the formal dimension of \\o u^]if* f) where f = rf,^, „ , ,, ±. But f is an iniective 

restriction of d^; then every spectral projection XbH* f) projects onto a subspace that's 
orthogonal to ker((i'^). This means 

FA(d| :I?(d'=)nrange(d'=-i)^ ^L2(f^fe+i^^)^^-) = sup /if (/,//) (105) 

where Cj^ (/, /i) is the set of Random fields of subspaces of n ker((i)-^ where d is bounded 
by ^ (see Definition 110.811 ) 

Now return to the boundary foliation OFq with its equivalence relation TZ^. 
Theorem 10.83 — All the three complexes of Random Hilbert spaces 




L^'^ifl'dXo) 



with unbounded differentials are A-Fredholm. 



Proof — The proof follows by an accurate inspection of the relation between the differ- 
entials (with or without boundary conditions) and the Laplace operator trough the theory 
of selfadjoint boundary differential problems developed in [85]. To make the notation lighter 
let M = L° with dM = the generic leaf. We concentrate on the relative sequence at 
point d : A''{M,dM) — > A''^-^{M,dM) where the differential is an unbounded operator on 
with Dirichlet boundary conditions. Let I?((i) = A'''^^ {M, dM). The following Lemma is 
inspired by Lemma 5.11 in [58] where in contrast Neumann boudary conditions are imposed. 



Lemma 10.84 — Let kei-{d) be the kernel of d as unbounded operator with Dirichlet boundary 
conditions, then 

V{d) n kcr(d)-L = iJj^i, n 5'^+iC^(A'=+iT*M)^ 
where H^-^^ is the space of order 1 Sobolev /s-forms such that lj^qm = 0. 

Proof — First of all remember that the differential operator d + 5 : C°°{A'T* M) — > 
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C°° {K'T* M) with either Dirichlet or Neumann boundary conditions is formally self-adjoint 
with respect to the greenian formula 

JdM 

and uniformly eUiptic [85]. This means that this is an elliptic boundary value problem in the 
classical sense according to the definition of Lopatinski and Shapiro (6^, Appendix I, together 
with a uniform condition on the local fundamental solutions. Now let w G and rj S kcr((i) 

i.e. 77„ e C^, {r]n)\dM = 0, Vn ^ V , drj,, ^ then 

(?7, dio) = lim(?7„, 5uj) = lim{drjn,uj) ± / (j^ A *uj)\9m = 0, 

JdM 

^ ^ ^ 

V\aM=0 



showing that 5C^ C n keT{d) . For the reverse inclusion take uj S 'D{d) n ker(d)-'- i.e. 
LUn £ C§° , uJn ^ u! , dujn ^ • For fixed 77 e Cg^ , 

{{d + d)ii,uj) = ((57y, cj) = lim((5r/, w„) = lim(r/, dw). 

Then we can apply the adjoint regularity theorem of Hormander [85] Lemma 4.19, cor 4.22 
saying that lo G HI^^ then {Su>,r/) ~ {uj,dr/) holds because for every rj € C^(M — 9M), 
d?7 g ker(d) then (Jtj = 0. It follows that for every a S 



== {da,uj) = {a,6ui)± {a A *lj)\qm ^ ± {u}A*a)\QM. 

^ " V ' JdM JdM 

The last passage coming from the definition of the Hodge * operator, a A*u) ~ {a,uj)dvol = 
{uj,a)dvol = ZU A where " is the complex conjugate in AT*M C. Now from the density 
of {i*{*^)}aecg' in L'^{dM), i : dM ^ M the boundary condition lu\9m = follows in 
particular uj e H^^^. Now it remains to apply the Hodge decomposition 



L2(A*^r*M) = Hf2)iM, dM) ® d^'^n''-^{M, dM) ® 5^+^ ^s^\M, dM) 



no 9-conditions 



to deduce e (5'^+iCg"(A'=+ir*M) . □ 

Consider again the formally selfadjoint boundary value problem d+S with Dirichlet boundary 
conditions i.e 'D{d + S) = Hj^.^^. Its square in the sense of unbounded operators on is the 
laplacian A with domain 

^Dir ^ H'^ ■ ^\aM = 0, {{d + S)uj)iom = {Suj)\dM = 0}. 

Let the operator obtained from A on fc-forms restricted to the orthogonal complement 
of its kernel, it is easy to see that the splitting 



L2(A*^r*A/) = Hf2)iM, dM) © d'=-if^^-i(Af, dM) © 6''+^ ^t^\M, dM) 



no 9-conditions 
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induces the following splitting on A^, 



Lemma 10.85 — The following identies of unbounded operators hold 



(d''ri_)(d'izi_) 



where the d*^ j-— is the unbounded operator on the subspace (S'^+ifi^"'"^ of with domain 



HhiT n 5''+^n'^+^ and range d^+ifi^- 



Proof — This is again the dual (in the sense of boundary conditions) statement of Lemma 
5.16 in [58]. We first state that the Hilbert space adjoint of the operator d^ with domain 

^hiT ^ 5''+^ng+^ and range is exactly 6''+^ with domain H^-^^ n d'^fl^. We shall 

omit degrees of forms and call d this restricted operator. Thanks to the intersection with 
this is also the restriction of d + <5 to the same subspace, in particular uj G 'D{d*) C 
dCo' impHes u e and duo = 0. Take arbitrary 77 S H^-^^ n 5C^ , then since S-q = 0, 

((rf + (5)77,w) = {dri,uj) = {T],d*uj) and if 77 G iJ^;^ n dfJ^, ((d + (J)??, c^) = {Sr],oj) = 0. Since 
SH^-^^J-dfld this is immediately checked, 

(T e dfJd, cr = dA, A|aA/ = 0, {a, 6^) = {da, 7) + J^gj^j (cr A *^)\dM ■ 

=0 =0 

Also {ri,d*uj) = since d*uj G SC^ and dfJDir-L<5C(j". Then we can apply again the adjoint 
regularity theorem [S^, Lemma 4.19 to deduce uj € ^^loc- The next goal is to show lj € H^^^ 
i.e. duj, Suj G L'^, uj\qm = but c?x = £ L^, Suj = {d + S)uj = d*uj e and 

{uj,ddr/) = {d*uj,5ri) = [Suj^drf) = {uj^dS-q) ± Jg^^((577 A *Ci;)|9jv/ for every 77 G Cq°. Then 

= IdhA^''^ ^ *^)\dM = SdM^^ ^ *^'^)\dM ^^Sqm^^ ^ *^v)\dM for every rj. The boundary 

=0 

condition follows by density. Finally it is clear that Sd^-p/^ii'd) = A = A-'- but we have to prove 
the coincidence of the domains 



V{A)n5C^=Vid*{d^j^)), 
now V{A) = Hl-^ = {uj£ H^, loiqm, = 0} C V{d*d^-^). Clearly 



a; e Vid*d^^) ^u;e H^,, n SC^, 

duj S then (d + 5)uj G and since ijJ\QM = by elliptic regularity (for the boundary 

value problem (d + 5) with Dirichlet conditions [85]) oj S i?^. We have just checked the 
boundary conditions, finally uj e i/^j^. = 2'(A). The second equality in the statement is 
proven in a very similar way. □ 



Now that the relation of d with Dirichlet boundary condition restricted to the complement of 
its kernel with the Laplacian (A-*-) is clear we can use eUiptic regularity to deduce that the 
relative Random Hilbert complex is A-R-edholm. This has to be done in two steps, the first 
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is to show that the spectral function of the Laplacian controls the spectral function of the 
complex 

FA{A-t,^) = F^{L^'^{n''Xo,^Xo),^i) + F^{L^'^{n''-^x„,^Xo),^i) (loe) 

in fact 

where, in the first step we have used the obvious fact that the spectral functions behave 
additively under direct sum of operators togheter with the remark after l|10.83p , at the 
second step there are lemmas 110.841 and 110.851 together with the following properties of the 
spectral functions 

. FA(r/,VA) =Fa(/,A) 

• Fa(0,A) =FA(r,A) 

that can be adapted to hold in our situation with unbounded operators. Good references are 
the paper of Lott and Liick [55] and the paper of Liick and Schick [13 that inspired completely 
this treatment. 
Let us firs recall the equation 

Fa(a^, = FA{L^'^{n''Xo, dXo), ^i) + FA{L^^^{n''-^Xo, dXo), m). 

It says that we have only to show that is left A-Fredholm to have control of both Fred- 
holmness at degree k and k — 1. We can use the heat kernel, in fact by eUiptic regularity 
for each leaf the heat kernel 6"*^*='^ {z, z') is smooth and uniformly bounded along the leaf 
on intervals [to,oo) [85] Theorem 2.35. As x varies in dXo these bounds can made uniform 
by the uniform geometry (in fact the constants depend on the metric tensor, its inverse and 
a finite number of their derivatives in normal coordinates) and we get a family of smooth 
kernels that varies transversally in a measurable fashion since it is obtained by functional 
calculus from a measurable family of operators. Then they give a A-trace class element in 
the Von neumann algebra. Now the projections X[o,m] (./*/) in definition 110.831 where / is the 
differential restricted to the complement of its kernel are obtained from the heat kernel as 

X[o,M](/*/) = XM{Ai)e^i XMi^i)e-^^ < oo. 

bounded A— trace class 

□ 



Remark — The same argument of eUiptic regularity for b.v. problems togheter with the 
various Hodge decompositions shows that each term of the long sequence (|103p is a finite 
Random Hilbert space. 
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Theorem 10.85 — The long sequence (|103p 

^ ^dR,{2) i^o, dXo) — ^ H^R,(2) (^o) 



is A-weakly exact (definition 110.801 ) 



Proof — This is exactly the same proof of Cheeger and Gromov |22j : we present it here, 
in the form appearing in the book by Liick (Theorem 1.21 in [57]). In fact the crucial final 
step there, that is based on the property of formal dimension of Hilbert F-modules 

dimr ( fl ^ inf dimr F^, 
is replaced here by proposition 14.91 

We prove only exactness in the middle i.e. at i?^'^ (^2)(^o)- At each point x € OXq we have 

range(z*^a;) C ker(r*^a;). So let Ux the (Borel) field of orthogonal complements in ker(r*^a;), 
seen as a projection in the corresponding algebra, we have only to prove (the trace is faithful) 
trA U = 0. Let Vx the family of closed subspaces corresponding to the various Ux under the 
baby L^-Hodge-de Rham isomorphism or abstract Hodge is. (see Theorem 1.18 in [57] ) 

ker(d^) n ker(7,^) — > (i°). (107) 

where 7''' is the Hilbert space adjoint of . Note that this varies in measurable fashion 
since the is. is induced by inclusion. Let the de Rham differential on the leaf dx~^ ■ 

L^{n^-^Ll) — > L^{n^Ll) then we have rl{Vx) C range ej;-! since r,,^(K) = 0. The 
operator d^"^ o (d^-^)* : L'^{Vl^Ll) — > L'^{n^Ll) is positive so let {Ex x\\ S K} its right 
continuous spectral family (to ensure measurability use a parametrized version of the spectral 
theorem for measurable fields of unbounded operators). Each projection E\,x commutes with 

dl~^ o {dl-^Y then sends range[d^"^ o (4"^)1 to itself. We have 

dl-^ o {dl-^Y = kcr[d^-i o {dl-^)*]^ = [kcr[(dj;-i)*]^ = range 

the second following from (d*"'^^ o {d'^~^)*)v,v) ~ \{d^~^)* v]"^ . From this chain of equalities 
follows 

Ex^x °rlc range 

The next goal is to show that E\^x ° is an injection on Vx for every A > 0. So pick 
a vector Vx & Vx E\^x ° r^Vx — then r!^Vx G range(£'A,2;)"''- But for every A > the 
operator c?^~^ o (dj;"^)* is invertible from range(i?A,2;)^ to itself, the inverse given by the 
spectral function J^y^~^dEfi^x, in particular we can find Wx G L'^{fl''L^,) such that r^Vx = 
d^^^Wx- A little diagram chasing shows there exist £,x L^i^'^^^L^) ■ ^x^x = Wx and some 
cr e L'^{K''T*Ll,dLl) ■.ila = d^^-^ix-Vx. Then a is closed and [cr] € i?^^ (3) (-^S' ^-^S) is the 
class whose image under i'l^^ is the element in Ux corresponding to Vx- Since Ux is orthogonal 
to rangc(i^ 2.fc), w^, = 0. Now we know E\,xor^ is an injection the following chain of equalities 
collect all the Vx to form the projection V at level of the Von Neumann algebra and, by left 
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Fredholmness, right continuity of the spectral family E\ (leaf by leaf) and proposition 14.91 

dimA(F) =dimA(£;A or'=(y)) 

=dimA(ii;>, o r'^iy) H ranged'^'^^) 
= lim dimA(-EA ° r''{V) n range 

A — >-0 

=dimA(^ range H (range (f^'^^)^ 

A>0 

=dimA (range i?o n (range c?'^^^) 
=dimA(ker(rf''"^ o (d'^^^)*) n range #^1) 
=dimA(ker(rf'''^^)* n range range d'^^^) = diniAO = 

□ 

10.7.4 The proof 

Theorem 10.85 — We have 

crA,dR{Xo,dXn) = aA,an{X:,dXo) 

thus together with formula l(98|) w.r.t. the manifold with cylinder attached X all the three signa- 
tures we have defined agree 

aAMXo,dXo) = t7A.a„(^o,aXo) = <(X) = {L{X), [Ca]) + l/2[7^AiD^")] 

Proof — We pass through different intermediate results, sometimes doing leafwise consid- 
erations. Our model is of course the work of Liick and Schick [60] whose our work is only 
an adaptation. The proof of Liick and Schick in turn is inspired by the classical argument 
of Atiyah Patodi and Singer [5] with the great issue that at level long sequences are only 
weakly exact and the spectrum of the boundary operator is not discrete. 

First step. This is done. We have proved, following the method of Vaillant the equality 

O'A,an(-'^0, 9Ao) = CrTiX) 

where at right-hand side the signature on harmonic leafwise L^-forms on the elonged manifold 
with elonged foHation i.e. the A signature of the Poincare product on leafwise harmonic forms. 
Our reference is then the harmonic signature. 

Second step. We shall prove aA,dR{Xo,dXo) = <t'^{X). We explain now the strategy 
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We have to measure the +/— eigenspaces of the intersection form on the field of Hilbert 
spaces H^'^ ^^-^{Xq, dXo) as square integrable representations of 7?.o (the whole foliation 
on Xq). Now thanks to the fundamental note on section [l0.7.1l it is sufficient to measure 
the corresponding projections in the von Neumann algebra arising by restriction of the 
Random Hilbert spaces to TZq (the equivalence relation of the foliation induced on the 
boundary). This is a consequence of the very definition of the trace as an integral of 
a functor with values measure spaces and the fact the boundary contains a complete 
transversal. The passage to TZq^ has the great vantage we can write boundary problems 
and sequences of random Hilbert spaces, in particular the third term in 

At^iLldL°) — A^-^iL°) — Ari(aLS) 

is natural as representations of TZp . 

Remember the notation x € 9^0, ^2 the leaf of the compact foliated manifold with 
boundary, is the leaf of the foliation on the manifold X with a cylinder attached. Consider 
the random Hilbert space H'^r {2)i-^o) obtained from the various cohomologies of the 
leaves with no boundary conditions (this is called in [60] the L^-homology since it naturally 
pairs with forms with Dirichlet boundary conditions) . We have a family of restriction maps 
dXp 3 X I — > rP : 'H'^''{Lx) — > ^dR {2)i^x) and intertwining operators {'H'^'^{Lx))x£Xo ■' — ^ 
^dR {2)i^x)- There are also natural mappings i^'' : Hf^ f^^-^^L*^, dL*^) — > Hf^ ^2)(^k)- And 
the mapping q coming from the long sequence in cohomology as in the following diagram 

. (108) 




Following the program of Liick and Schick we shall prove 

1. 

range(r2'^) = range(i^'"') as projections in EndA.K, 

and the signature can be computed looking at the fields of sesquilinear Poincare products 
on the images of i^'^ as square integrable representations of TZq, 

HfRm^Ll,dLl)^Hll^^^{Ll) . (110) 




2. The signature of the field of products on the image of PJ' concides with the signature 
of the fields of Poincare products on {T-Lx)xi^Xa square integrable representations of 
7^0 that in turn coincides with those computed tracing in TZq 



Notice about (|109p that range(i^''") = kerq^*^ by the long exact sequence. 



-^d«,'f2)(^o) 



(109) 



1. Liick and Schick (lemma 3.12 in [58]) prove the following result 
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Lemma 10.86 — 



Proof — We write the proof only for the sake of completeness. Look at the diagram l|108p 
and choose an harmonic form uj e H'^'^{Lx) then by eUiptic regularity uj is in every Sobolev 
space W{^'^^{Lx)) and the family of continues restriction morphisms on submanifolds of 
codimension 1, s > 1/2, H'iL^) — > H''~'^/^{dL°) ^ L^{dL^ x {t}) gives {dL° x t = dL°^) 
a family of continuous mappings 

q[t]f : l-e''{L.,) L^{A^''T*dLl) 

with g[0]^'^ = ql'^ o r^'^. Now the manifolds dL^ x [0,oo) and dL^ x [t,oo) are all isometric 
(choose the most simple family of is. 0t(x) = x + t) then, since the sequence of restrictions 
LUf to X [t,oo) have all Sobolev norms going to zero the sequence goes to zero 

in L^(9L°) with t — > oo). More precisely q[t]l''LO = uj(t) = oJtioLOxt = qMI'^ 4>t^^t and 
(j)fUJt — > in i?*, s > 1/2. Now we declare that all the forms q[t]'^'^{uj) represent the same class 
in the reduced cohomology of the boundary. In fact on the cylinder lu = uJi (r) + lu2 (r) A dr 
with wi^2 e £^([0,oo),L2(A2'=r*(9L°)), since uj is closed 

diiJ ^ = dguji(r) ± — A dr + dgLU2(r) A dr ^=> ± — = douj2(r). 

or or 

contraction 

Integrating this last equation LUi{t) — cJi(O) ~ ±d(^ uj2{r)dr^ since the term LUi{t) is the 
pullback of UJ to dL^ x i, 

t 



q[t]l\uj)-qm\uj)^±dn U2{r)dr) 



Since q[t]^^uj the proof is concluded if we show that /J uj2{r)dr is an X^-form. Now 

since o^i 2 are functions on [0, 00] with values forms on the boundary we can write the 
Cauchy-Schwartz inequality on compact pieces (use the constant function 1) 







\iuJ2ir),l)Lmo,t];L^AT'dLO)\^ = I i^2{r)dr < I I'^dr ■ I \\uj2{r)\\l2(^9L0jdr 



<t - I \\^2ir)\\L2^9L0-)dr 



□ 



By definition of the algebra of intert. operators q^^or"^ = OVa; e (?Ao range r^*^ c kcrg^/c 
then 



kerq^*-' • ranger-^*^ = rangei^*^ • ranger^fc = ranger^'^ G EndA,Ko ^d_R,(2)(-'^( 

Now v.n. dimentions comes in play in a fundamental way. Consider the field of unbounded 
boundary differentials dx : L^(f2^''~^9L°) — > L^(r2^'^^^(9L°) exactly as in [S^ (and essen- 
tially by elliptic regularity and the fact trace=trace on the boundary foliation) they define a 
left Fredholm affiliated operator so the image of the field of the spectral projection X(o,7]('^'^) 
has dimension tending to zero for 7^0. Given e > define the following field of subspaces, 

El% := rangc(do X(-,.oo)(W)) C L^in'^^dL^). 



Properties of E'^'^ 
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1. it is measurable , in fact is obtained by functional calculus from a natural Borel family. 

2. It has codimension less that e in range(fi) in fact do X(-oo.Q]{^d) = 0. 

3. It is closed , because the restriction of Sd to the subspace corresponding to (0, oo) satisfies 
Sd> J than is invertible (this automatically seen using the polar decomposition). 

Now we have to invoke the leafwise Hodge decomposition with (Neumann) boundary condi- 
tion, 

L\n''-\Ll)) = ranged2'c-2 erange5^^jt;f=o} ® ker Aff(,^),^^o^(,^),^j. (Ill) 

The methods of Schick [85] surely applies to the generic leaf L° in fact this is bounded geom- 
etry and has a collar so the fact its boundary has infinite connected components (complete in 
the induced metric) plays no role. So the space dRi^x) can be canonically identified with 
the third addendum in (|llip and pull back to the boundary gives a well defined measurable 
family of (uniformely) bounded mappings : H'^^^ dni^x) — ^ £^(fi^''(5i°)). Define, by 
pull-back the following measurable field of closed subspaces 

^e.^ C H'^2).dRi^x)- 

Properties of K'^^^ : 

2. if^fc c (/3f)-i (range da) 

3. The field if^^ defines a projection having codimension in kerg^*^ that's less than e. 
Then there's another density lemma in [60] (Lemma 3.16) stating another property, 

K^'' C range(r2'= : nf{L^) — > range ^2^). 

All of this properties certainly say that l|109p is true (by normality of the trace we can reach 
range(z2'=) with a family of subprojections whose codimension tends to zero). 

2. 

Again following [60], gpj^*^ (notation of the proof of Lemma fT0.7.4p defines a bounded family 
of mappings from H'^^)iLx) to range dg. So let H^'^^ C H'^2)i^x) be as before the inverse image 
of E^ll.. Since we are using harmonic forms the pull-back is (uniformly) bounded in the 
norm so Ti^^ is a field of closed subspaces giving projection of codimension in H'^2)i-^) not 

greater than e. Now if 

L^^ C range i2fc 

is the closure of the image of L^^j. under the mapping r^'^ : H'^2){^x) — > range i^'^, its 

codimension into range i^*^ is less than e exactly because of (|109p since the codimension of 
n'^'' in nf^){X) is less than e. 
The leafwise intersection form 

si : H^^^iLldLl) X H^^^iLldLl) ^ C 

^^inverse image of a measurable field of subspaces by a unif. bounded measurable family of bounded 
operators is measurable, one can split the domain space as KerQKer^ and apply the well known fact that 
inverses of isom. are measurable [Sj 
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descends into a pairing on range i^'^ which restricts to a pairing 

Vx '■ Lf^x ^ ^1% * 
But the codimension of L'f' C range i^*^ is less than e one gets 

|signA(s") - signal??)! < e, 
remember that signy^(s°) = a!^^dR.{Xa,dXo). 

Now it's a quite amazing computation performed by Luck and Schick [60] that the leafwise 
Hodge intersection form we called s'^ : 'H{2){Lx) x H(2){Lx) — > C descends to a pairing on 
each 7i^*j and in turn to exactly the pairing 77° defined above. Again since the codimension 
of in nf^-jiX) is < e we get | signA(s°°) - signA(??°)| < e then 

|signA(s°°)-signA(s°)| <2e. 



The theorem is proved since e is arbitrary. 



Remark — On the assumption of the complete transversal contained into the 
boundary. The assumption Saturation(i9Xo) = Xq is really simply avoidable in fact one can 
write the sequence 



for X also in the interior but the last arrow is null for dL\ = so everything works in the 
exactly same way. 

□ 
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A Analysis on Manifolds with bounded geometry 

Hereafter we review some essential results about differential operators, and the Dirac one 
in particular, on manifolds with bounded geometry. This theory was developed by J. Roe 
OIHOlIHI], M. Shubin [HI] and J. Lott [M] among others. 

Let M be an oriented Riemannian manifold of bounded geometry, by definition, 

1. the injectivity radius of Af, inj(Af), defined as the infimum on M of radii of regular 
geodesic balls is finite. 

2. The Riemann curvature tensor is uniformly bounded with every covariant derivative. 



Definition A. 87 — For an vector bundle to be of bounded geometry will mean that it is 
given a connection with uniformly bounded curvature together with every covariant derivative. 

Natural examples are, compact manifolds, Galois covering of compact manifolds, the interior 
of a compact manifold with boundary equipped with a 6-metric and finally leaves of a compact 
foliated manifold. An obvious but important property is that compact perturbations, i.e. 
connected sum preserve bounded geometry. Note that a non-compact manifold with bounded 
geometry has infinite volume. Directly from the definition one finds that if dim(M) = n 

there exists a positive number r such that the eclidean ball B{0,r) C M" is the domain of 
exponential coordinates for every point in M . The Christoffel symbols of M regarded as a 
family of smooth functions depending on i, j, k and points mm B are a bounded subset of the 
Frechet space C°°{B). These geodetic balls can be used also to triviaHze bundles by parallel 
traslation along geodesic rays of a fixed orthonormal basis at the center. Such frames are 
called synchronous. With a good coordinate ball" one refers to this situation. 

We shall consider till the end of this section Clifford modules of bounded geometry with 
Z2 graduated structure denoted generally by S and call D the associated Dirac operator. 

Definition A. 88 — 

1. For A: e N the Sobolev space of sections of H'^{S) is the completion of C^{S) under the 
norm 

\\sh = {\\s\\h + \\Vs\\l. + ---\\V''s\\h)'^'. 

2. For negative fc, H''{S) is the dual space of H^''{S) regarded as a distributional sections 
space. 

3. Put H°^{S) = f]^H''{S) equipped with its natural Frechet topology, H°^{S) = [jH''iS) 
with the weak topology that it inherits as as the dual of H^{S). 



Definition A. 89 — 

1. Let r e N, the uniform C space is the Banach space of all C sections s of S such that 
the norm 

= sup{|V„, • • • V„,s(m)|} 

is finite, supremum taken over points m & M and collections {vi, < q < r} of unit 
vectors at m. 
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2. Also, UC°°{S) is the Frechet space (^^UCiS). 



The algebra of differential operators Diff*(A/, S") acting on S contains the subalgebra 
UDiff*(M, S) of uniform differential operators generated by the uniform space C/C°° (End(5)) 
together with covariant derivatives (as differential operators) along uniform vector fields 
X e UC°°iTM). 

It turns out that for a differential operator to be uniformly elliptic is necessary and suffi- 
cient to have every derivative (also order of course) of its symbol uniformly bounded on every 
good coordinate ball. A /c-order uniform differential operator naturally defines continuous 
mappings, H''{M,S) — > H'-''{M,S) and UC\M,S) — > UC^-^{M,S). 

Definition A. 90 — An uniform differential operator P e \JDiS*{M,S) is uniformly elliptic 
if its principal symbol 

crpr(P) e UC(T*il/,7r*(End(^)) 
has an uniform inverse in an e-neightborhood of the zero section in T*M. 



Theorem A. 90 — (uniform GSrding's inequality) For an uniformly elliptic operator T e 
UDiff''(A/, S), for every I there exists a positive constant C'{1) such that 

<C(0{||s1|h. + ||Ps|U4, (112) 

for every s e C^{M, S). 



Proof — A straightforward generalization of compact case. □ 
Here a list of properties 

In this framework the Sobolev embedding theorem reads as follows, 



Theorem A. 90 — For fc, s e N, s > /c + (dim(M))/2 There is a continuous inclusion 
H'^{M, S) — > UC''{M, S) hence also a continuous inclusion of Frechet spaces 



H°°{S) — > UC°"{S) 



Proof — As observed by J. Roe, this is an adaption of the standard compact case, in fact 
thanks to bounded geometry assumption the family of local Sobolev constant on good balls 
is bounded. □ 

Now by Schwartz kernel theorem a continuous linear operator^ T : (M, S) — > C~°°{M, s) 
is univocally represented by its Schwartz kernel, the unique distribution-section Kt G C^°° {Mx 
M,END(5') (g) PTlfl{M)) satisfying the distributional equation 

{Ktu,v) = {Kt,'v^u) 



^''li T is not a pseudo-differential operator it is customary to require that it respects all the connected 
components of M. 
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for every u,v G C^{M, S). Here the big endomorphism bundle END (5) — > M x M has fiber 
Hom(5'a;, Sy) over (x,y). the following is a group of definitions. 

Definitions A. 91 — 

1. We say that T has order fc e Z if it extends to an operator in B{H''{M,S),H''~^{M,s)) 
for every s. 

2. The space of /s-order operators is denoted by Op''"(Af, 5). with seminorms given by 

B{H^{M, S'),i?^-'^(A/, s)). 

3. The space Op"°°(M, S") = f]f.^QOp''{M, S) is called the space of uniformly smoothig 
operators. In fact we shall see it is the space of operators with uniformly smooth kernels. 

4. An element T e Op''(A/, 5), > 1 is called elliptic if it satisfies the uniform Carding 
inequality fm]) . 

Below a list of properties that can be found in the papers cited at the beginning. 

Proposition A. 92 — 

• Ellipticity is stable under order perturbations, if T G Op^{M,S) elliptic and Q e 
Op°(A/, S) then T + Q is elliptic. 

• If e Op'^(A'jf, S) is elliptic and formally self-adjoint then every its spectral projection belongs 

to Op°(Af, s). 

• It follows from the completeness of A/ that an elliptic and formally self-adjoint element 
T e Op''(Ajr, 5) (fc > 1 as required by the definition of elliptic element) is essentially 
selfadjoint on L'^{M,S). 

If T denotes its closure also one finds that dom(T) = H'^{M, S). In particular this is true 
for the Dirac operator D. 



A.l Spectral functions of elliptic operators 

Last theorem says that an uniformly elliptic operator on a manifold with bounded geometry 
is essentially self-adjoint. We need some considerations about spectral functions of T . Let 

i?B(R) := {/ : M — > C, Borel; |(1 + x^ f/^f{x)\oo < oo Vfc € N} 

be the space of rapidly decreasing Borel functions with Frechet structure induce by the semi- 
norms 1(1 + X^)*"/^ • loo 

Let i?C(M) denote the closed subspace of continuous functions. 

Proposition A. 93 — For an elliptic element T and I e N and rapid Borel functions /, 
T\f{T) is bounded in and the following GSrding inequality holds true, 

I I 
WfmWn^ < C{1) J2 WT^fmh^ < mUU. ^ |a;7|oo (113) 

i=0 i=0 
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for every ip G C'^{M,S). Suppose now, by simplicity of writing that T has order 1, making use 
of the duality 

one finds, for k,l E Z, I > k, 

l-k l-k 

||/(r)^||^, < c{i, k) J2 l|r7(r)V'||«. < c{i, k)\mH^ ^ \x^fU (ii4) 

j=0 8=0 



Proof — Observe first that the operator T^f{T) is the spectral function of T corresponding 
to the function f{x) on R hence is bounded. Again, since / is bounded no problem here 
in commuting relations, in particular T'/(T) = /(T)r' (equality in the sense of unbounded 
operators) in particular /(T) : — > Now from Garding's inequality for T, 

; I 

\\f{T)M\H^ < c{i) J2 wT'fmu. < c{i)Ml^- e i^vIoo. 

4=0 1 = 

Inequality (|114p follows at once from the first one (|113p in fact the first step is to consider the 
transpose of r'/(T) : — > TJ"''' while the second step is based on our very dual definition 
of Sobolev space of order negative. n 

Hence, we get continuity of the functional calculus RB{R) — > B{H\M,S),H''{M,S)) 
for each l,k then continuity of RBiM) — > Op~°°(Af , S"). With a little work, using Sobolev 
embedding one can prove the following theorem. 

Theorem A. 93 — Let T e Oy>^{M,S) uniformly elliptic and formally selfadjoint. 

• If L = [n/2 +1], n = dim7\/ and I G N then the kernel mapping 

0^-'^^-\M, S) — > UC\M X M,END(5') (8)Prjr2(A/)),Ti — > AV, 
is continuous. 

• For / e RB{K) the kernel of f{T) is uniformly smoothing, 

Kt e UC°°{M X M, END(5') ® Pvin{M)). 
and the kernel mapping RB{R) — > UC°°{M x M,El<iB{S) ®Piln{M)) is continuous. 



Remark — Combining |A. 19, page 108| and ?? we see that every spectral projection Ha 
of the Dirac operator obtained by a bounded Borel set A C M is represented by a uniformly 
smoothing kernel hence is locally traceable (in the usual sense on L^(M, S) w.r.t the Abelian 
Von Neumann algebra L°°{M)). This means that for every Borel set B C M with compact 
closure the operator xb^aXb is trace class, one gets a Radon measure B i — > trace xb^aXb 
called the local trace of n^i . 
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A. 2 Some computations on ClifFord algebras 

Let Cl{k) the (complex) Clifford algebra over the euclidean space R*^, with generators Ci , . . . , Cfe 
and relations (cj orthonormal basis) 

The algebra Cl{k) is Za-graded: Cl{k) = Cl+{k) a-(fc), being Cl+{k) the subalgebra 
spanned by products of even sets of generators. 

The map Cj i — > CiCk+i defines an isomorphism d{k) — > C/+(fc + 1). 

The volume element := z^^'^+'^^/^lci . . . Cfc G CZ(fc) satisfies t| = 1 and thus induces a 
Z2-grading on each representation of Cl{k). Due to the fact 

TfcC = -(-l)'''CTfe 

for c G M'^ C <Cl{k) this induced grading is trivial if k is odd. Cl{2l) has a unique irreducible 
representation, called its spinor space and we denote it by S(2l). Its dimension is diraS{2l) — 
2'. Decomposing into the ±1-Eigenspaces of T21 we write S{21) = 5+(2^) © S^{21). Via the 
identification Cl{2l — 1) ^ Cl'^{2l) the spaces S'^{21), S~{21) are non-equivalent irreducible 
representations of Cl{2l — 1), which can be considered as being isomorphic representations 
of Cl{2l - 2) = Cl+{21 - 1) via the map S+{21) S-{21). This of course is then just the 
representation S{21 - 2) of Cl{2l ~ 2). 

Notation : for S'^{21) we also write S'^{21 — 1) when these spaces are seen as representations 
of <a{2l - 1). 

(Cl{2l - 1) ^ O+(20 ^ ^ End+(S'+(20 0S'-(2O) =^ End(S'±(20) =: End(5±(2Z - 1 

It is easily seen that <CI{21) acts injectively on S{21). Comparison of dimensions then yields 
C(20 = End(5(20), and, using <a{2l - 1) = Cl+{21) also 

0(2/ - 1) = <CI+{21) = End+(S'(2/)). 

The identification <CI{21 — 1) — > End(5*(2Z — 1)) maps T21-1 to ±1 and one can show that 
the null space is (1 =F r2;_i)C(2/ — 1). 

End(S'+(2O05-(2O) ^Cl{2l)= O+(20 Cr(2/) 




a-(2/- 1) 



0(2/ - 2) 



The traces tr* on End(S'^(2Z — 1)) and the graded trace str on End(S'(2/)) then induce traces 
on C(2Z — 1) and C(2Z). On elements of the form c/ := c^i . . .c,i|/| where I = {ii < ■ ■ ■ < 
C {1, . . . , k} these can be computed as follows 

Lemma A. 94 — 

(a) In 0(20 we have str(r2z) = 2' and str(l) = str(c7) = for / 7^ {1, ... , k}. 
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(b) In 0(2/- 1) we have str(T2;_i) = -tr-(T2/-i) = tr±(l) = 2'-^ and for / 7^ {l,...,fc} 
we have tr='=(ci) = 0. 

On (0(2/ - 1) - C) C a{2l) therefore tr±(.) = T|str(c2/») and on Cl{2l) C 0(2/ + 1) 
we have str(») = ±itr='=(c2;+i») 

Proof— Cf. [TO], Proposition 3.21 □ 

The map S+{21) ^ S-{21) gives an identification S{21) = 5*^(2/ - 1) © S'±(2/ - 1). In this 
representation, Cl{2l) acts on S{21) as follows 

..o(2/-i).(^«^ 

andstr(^^^ = tr± (0i) - tr± (,/>4) 
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